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THE EIGHTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION. 


Tue eighth regular meeting of the Southwestern Section of 
the Society was held at the University of Nebraska, Lincoln, 
Nebraska, on Saturday, November 28, 1914. About twenty- 
five persons attended the sessions, including the following 
sixteen members of the Society: 

Professor Henry Blumberg, Professor W. C. Brenke, Pro- 
fessor E. W. Davis, Professor H. C. Feemster, Professor A. 
B. Frizell, Dr. Elizabeth B. Grennan, Professor E. R. Hedrick, 
Professor Louis Ingold, Professor O. D. Kellogg, Dr. S. 
Lefschetz, Professor U. G. Mitchell, Professor W. H. Roever, 
Professor Oscar Schmiedel, Professor E. B. Stouffer, Professor 
C. E. Stromquist, Professor W. D. A. Westfall. 

The morning session opened at 10 a.m. and the afternoon 
session at 2 P.M. Professor Davis presided. It was decided 
to hold the next meeting of the Section at Washington Uni- 
versity in St. Louis on Saturday, November 27, 1915. The 
following program committee was appointed: Professor W. 
H. Roever (chairman), Professor J. N. Van der Vries, Pro- 
fessor O. D. Kellogg (secretary). Attending members were 
given a smoker on Friday evening at the Commercial Club, 
and a lunch at the same place on Saturday. 

The following papers were presented at this meeting: 

(1) Professor P. J. Danretu: “The end correction for an 
open cylinder.” 

(2) Professor Oscar ScHMIEDEL: “Multiplication and 
division by variable operators.” 

(3) Professor Louis Incoitp: “Note on surfaces with a 
single first normal.” 

(4) Dr. S. Lerscuetz: “Double integrals of Picard for an 
algebraic variety.” 

(5) Dr. S. Lerscuetz: “The equation of Picard-Fuchs for 
an algebraic surface with arbitrary singularities.” 

(6) Professor Henry BLumMBErG: “On the factorization of 
certain polynomials and certain linear homogeneous differ- 
ential expressions.” 

(7) Professor A. B. Frize.u: “The well-ordering of infinite 
permutations.” 
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(8) Dr. H. M. Suerrer: “ Deductive systems and postulate 
theory; I. finite case” (preliminary communication). 

(9) Professor E. R. Heprick and Miss E. A. Weeks: 
“On a definition of discrete oscillation.” 

(10) Professor W. C. BRENKE: “Convergence of an infinite 
determinant.” 

(11) Professor E. W. Davis: “The distance between two 
complex points in ordinary space.” 

In the absence of the authors, Professor Daniell’s paper 
was presented by Professor Kellogg, and Dr. Sheffer’s by 
Professor Hedrick. Abstracts of the papers follow. 


1. When a current flows out of a cylindrical tube of radius 
a into a large bath, a certain correction ka, where k is some 
fraction, has to be added to the length of the tube in calculating 
the resistance. Rayleigh in his Theory of Sound has shown 
that .785 < k < .849 and, in the appendix, that k < .8242. 
Certain integrals containing Bessel functions are evaluated by 
means of asymptotic series, and then the approximate solution 
of an infinite number of linear equations in an infinite number 
of variables, obtained from the usual minimum condition, 
yields the value of k to any required accuracy. Professor 
Daniell has found by this means that .8225 < k < .8232. 


2. In this paper, Professor Schmiedel considers a method 
of multiplication and division by variable multipliers and 
divisors for the purpose of extending certain tables which 
are functions of two arguments to negative integral values of 
both arguments, and makes application of the method to 
classes of tables of which the ordinary binomial coefficients 
are a special case. 


3. In a previous paper Professor Ingold has shown that for 
the proof of the formulas of Gauss and Codazzi the usual 
requirement, that the n-dimensional space under consideration 
lie in a linear space of n + 1 dimensions, can be replaced by 
the assumption that the given space have a single first normal 
(i. e., a normal vector which is linearly expressible in terms of 
the tangent vectors and their first derivatives). No example, 
however, was given of a locus satisfying the last requirement 
without satisfying the first. In this note such examples are 
furnished for n-dimensional loci, and it is shown that the 
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only two-dimensional loci of this character are surfaces gener- 
ated by the tangents to a curve in space of four or more 
dimensions. 


4. In this paper Dr. Lefschetz deals with integrals of the 
type f f [A(z, y, 2, t)dydz + Bdzdx + Cdzdy] for which 


A, B, C are rational on the variety V having for equation 
f(x, y, z,#) = 0. It is shown that, as could be expected, 
the number of integrals of this type which are of the second 
kind proper is R, — p, R, being the two-dimensional con- 
nectivity of V, p the number of its simple integrals of the third 
kind. The following interesting result is obtained: if A, B, C 
are of the type 


dy dz’ a2 dx’ dat dy’ 
then there exist three rational functions of (2, y, z, t), say 
a, B, y such that 


Oy Ox" 

5. Dr. Lefschetz’s second paper appears in full in this num- 
ber of the BULLETIN. 


6. Let 
d* 
P = pola) Pile) + 


be a linear homogeneous differential expression belonging to 
the domain ® of rational functions (i. e., whose coefficients 
are elements of ). Denote by dp dj, ---, d, the degrees of 
po(x), pilz), Pn(x) respectively. Professor Blumberg 
proves the following theorem: 

If d, — do > Oand d, — dy < 0 (v + n), P is not expressible 
as a symbolic product RS, where R and S are linear homogene- 
ous differential expressions belonging to 9 and of the sth and 
rth order respectively, unless d, — dp = 0 mod. (n/[r, s]). 


0A , OB OC 
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Here [r, s] = G.C.D. of r and s. As a particular case we 
have the theorem 

If d,—dy>0, d,— dy <0 (v n) and [d, — do, n] = 1, 
P is irreducible. 

The proofs are algebraic in character, no integrals being 
used. Moreover corresponding theorems hold for the factori- 
zation of the polynomial P in y 


P= Hay °° + coe of ***, Xx), 


where the coefficients are rational functions of their argu- 
ments. The application of the results to the integrals of the 
corresponding differential equations and to the algebraic 
functions defined. by P = 0 is evident. Generalizations are 
given. 


7. By an extension of the process developed in a former 
paper (Chicago, April, 1914) Professor Frizell shows that the 
possibility of well-ordering the permutations of an w-series 
would carry with it the existence of an w-series of ordinal 
types—of which the type of this set of permutations is the 
lowest—whereof no one can be put into one-to-one corre- 
spondence with its predecessor. 


8. By means of various “transformations of relational 
coordinates,” and corresponding definitions of equivalence of 
systems, Dr. Sheffer develops a general postulate theory for 
deductive systems involving a finite number of elements. 


9. In generalizations of the theory of functions of real 
variables, it seems desirable to suppress as far as possible the 
notion of length. Such other concepts as that of oscillation 
are therefore difficult of extension. In this paper, Professor 
Hedrick and Miss Weeks define a concept which will be called 
discrete oscillation, and they show that many of the usual 
theorems concerning oscillation remain true for functions of a 
real variable when this new concept is substituted for the 
ordinary oscillation. For functions of a real variable the 
discrete oscillation is defined in terms of any monoton de- 
creasing set of numbers aj, de, 3, Gn, Which approach 
zero, and is by definition equal to a; if the ordinary oscillation w 
satisfies the inequality ai1>w 2a; Among theorems 
whose validity is proven are the theorem that the points at 
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which the oscillation is not less than a given positive number 
form a closed set; the Du Bois-Reymond theorems on inte- 
gration; the Sierpinski theorem; and others. The new con- 
cept lends itself readily to broad generalizations, and its 
simplicity suggests the possibility of advantageous use even 
in the usual theory. 


10. Let ax be the general element of the infinite deter- 
minant D and assume the convergence of Z|az!. By com- 
parison with an infinite product Professor Brenke obtains the 
following results, of which (d) is a well-known theorem, from 
which also (a) might be derived: (a) D converges absolutely 
to the value 0; (6) if the elements of any number of rows or 
columns of D are replaced by quantities less in absolute value 
than a positive constant, the new determinant converges 
absolutely to 0; (c) if all the elements ai, 7 > k, are replaced 
by quantities less in absolute value than 1, the new deter- 
minant converges absolutely; (d) von Koch’s “normal 
determinant” converges absolutely; (e) a normal determinant 
remains absolutely convergent if elements a% are replaced 
as in (c). 


11. Professor Davis shows that if the difference between 
two complex vectors in space is 6; -+V — 162 and if k is 
UV 5,62, then the square of the distance between the complex 
vectors is e’—°T(5, + k52)T(5; — kd.) where 6 is the angle 
between 6,-+ and 6, — This is an extension to 
space of a formula of Laguerre. 

O. D. KELLoce, 
Secretary of the Section. 


NOTE ON THE POTENTIAL AND THE ANTI- 
POTENTIAL GROUP OF A GIVEN GROUP. 


BY PROFESSOR G. A. MILLER. 


(Read before the American ee Society at Chicago, December 
14. 


§ 1. Introduction. 


Wir every regular substitution group there may be 
associated a conjugate substitution group on the same letters 
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such that each of these two groups is composed of all the 
possible substitutions on these letters which are commutative 
with every substitution of the other group. This funda- 
mental theorem was proved by C. Jordan in his doctor’s 
dissertation* and the given groups are called conjoints in 
Jordan’s Traité des substitutions, 1870, page 58. Somewhat 
later G. Frattini made a more detailed study of the properties 
of these two related groups, and called them the potential 
and the antipotential group respectively.t 

Some of the results obtained by Frattini seem to have 
received less attention than they deserve. This may be 
partly due to the facts that his developments are not always 
clear and that his erroneous statements tend to create a 
feeling of distrust on the part of the reader. One of these 
statements appears in the form of a theorem on page 168 of 
the article to which we have referred, and is so obviously 
incorrect that it appears curious to find that Netto repeated 
it in his review of the article in the Jahrbuch iiber die Fort- 
schritte der Mathematik, volume 15, page 113. 

This theorem affirms that if we form successive maximal 
subgroups, starting with a group G and ending with iden- 
tity, then the series of integers obtained by dividing the 
order of each of these groups by the order of the one which 
immediately follows it in the given series is an invariant of G, 
except possibly as regards the order in which the integers 
occur. The fact that this theorem is false can be readily 
seen by means of such a well known group as the icosahedral 
group. Equally obvious misstatements appear in the con- 
tinuation of the same article, published in volume 18 of the 
same journal, but these errors also pass without mention by 
the reviewer in the Fortschritte. 

In the present note we aim to prove in a simple manner a 
few of the results obtained by Frattini, and to extend some 
of his developments along certain lines. For brevity, the 
potential and the antipotential group will be represented 
by G and G@’ respectively. We shall first establish the fol- 
lowing elementary theorem: 

The conjoint of every transitive constituent of a subgroup 
of G is a transitive constituent of a subgroup of G’, and vice versa. 


*C. Jordan, Thése présentées a la Faculté des Sciences de Paris, 1860, 


p. 39. 
1G. Frattini, Atti della R. Accademia dei Lincei. Memorie, vol. 14 
(1883), p. 144. 
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As a special case of this theorem it follows that every 
abelian transitive constituent of a subgroup of G is a transitive 
constituent of a subgroup of G’, and vice versa. As a special 
case of this special case it results that every cycle of every 
substitution of one of two conjoints is also a cycle of some sub- 
stitution of the other. 

To prove the theorem in question let K represent the 
conjoint of a transitive constituent of a subgroup of order k 
contained in G. This subgroup is clearly composed of all 
the substitutions of G which transform K into itself, and 
hence K has g/k conjugates under G, g being the order of G. 
These conjugates are on distinct sets of letters. The g/k 
conjugates of each substitution of K may therefore be repre- 
sented in the form of a single substitution which is invariant 
under G. Hence it is possible to establish a (1,1) corre- 
spondence between the conjugates of K so as to obtain a 
subgroup of order & in G’, and this subgroup involves as one 
of its transitive constituents the conjoint of an arbitrary 
transitive constituent of the arbitrary subgroup of G. Hence 
the theorem in question is established. 


§ 2. Conjugate Operators and Conjugate Subgroups. 


The above considerations give rise to a method for finding 
all the subgroups of G which are conjugate with any one H 
of its subgroups. If H’ is any one of the subgroups of G’ 
which has for one of its transitive constituents the conjoint 
of a transitive constituent of H, then it results that a necessary 
and sufficient condition that a given subgroup of G is con- 
jugate with H is that it involves at least one transitive consti- 
tuent which is the conjoint of some transitive constituent 
of H’. That is, 

A necessary and sufficient condition that two subgroups of G 
are conjugate under G is that it is possible to select one transitive 
constituent from each of these two subgroups such that the con- 
joints of these two transitive constituents are transitive constitu- 
ents of the same subgroup of G’. 

Each transitive constituent of a subgroup of G is completely 
determined by the letters of this constituent. That is, if a 
subgroup of G has a transitive constituent involving a certain 
set of letters, no other subgroup of G has a transitive consti- 
tuent on exactly the same set of letters. Hence the theorem 
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stated at the end of the preceding paragraph may also be 
stated as follows: 


A necessary and sufficient condition that two subgroups of G are 
conjugate is that it is possible to find a transitive constituent 
in each of these two subgroups such that these two transitive 
constituents involve separately the same letters as two transitive 
constituents of some subgroup of G’. 

As a special case of this theorem it results that a necessary 
and sufficient condition that a subgroup H of G is invariant 
is that G’ involves a subgroup H’ all of whose transitive 
constituents are the conjoints of the transitive constituents 


of H. Asaspecial case of this special case it may be observed 
that 


A necessary and sufficient condition that a subgroup of G is 
invariant is that the totality of the cycles in its substitutions is 
the same as that of a subgroup of G’. 


If we select two complete sets of conjugate subgroups 
belonging to G and G’ respectively, then either all the con- 
joints of the transitive constituents of the subgroups of the 
first set are transitive constituents of subgroups of the second 
set, or none of these conjoints are among the transitive 
constituents of the subgroups of the second set. In par- 
ticular, two complete sets of conjugate substitutions belonging 
to G and G’ respectively either have all their cycles in common, 
or they have no transitive constituent in common. A neces- 
sary and sufficient condition that a transitive constituent of 
a subgroup of G is also a transitive constituent of a sub- 
group of G’ is that this subgroup is abelian. Hence it is 
possible to find all the conjugates of a subgroup by noting 
the transitive constituents of subgroups in the potential and 
antipotential representations. 


§3. Methods of Constructing the Potential and the Antipo- 
tential Group. 


To construct the potential and the antipotential group of a 
given abstract group A, Frattini proceeded practically as 
follows:* Let 1, 82, 83, ---, 8, represent the distinct operators 
of A and construct the following two rectangular arrays: 


* G. Frattini, loc. cit. 
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1 &%& 1 82 83 
82 82° 8382 S82 | 183 +++ 82 18 
83 8283 83° 83 1 83 18 


The substitutions which represent the permutations of the 
operators in the first array, if each row is compared with the 
first row, constitute the potential group G of A, while those of 
the second array constitute the antipotential group G’ of A. 
Both of these groups are simply isomorphic with A and‘hence 
they are also simply isomorphic with each other. 

Before the publication of this paper by Frattini it was 
customary to obtain the regular representation of a given 
substitution group by means of a function which changes its 
value for every substitution of the group, but during the 
same year in which Frattini’s article appeared there appeared 
in the Mathematische Annalen, volume 22, an important 
article by Dyck entitled “Gruppentheoretische Studien II,” 
in which the regular representation is derived in the same 
manner. In fact, this paper by Dyck and the paper by 
Frattini have many other things in common, but the more 
lucid presentation of these subjects in the former article 
has caused an undue neglect of the latter. 

A simple isomorphism between G and G’ may be obtained 
by letting the substitutions obtained from each pair of corre- 
sponding rows in the given arrays correspond to each other. 
If the inverses of operators in the second array are replaced 
by the operators themselves, a simple isomorphism between 
G and G’ results. Moreover, it is clear that in the simple 
isomorphism between G and G’, which results directly from 
the given arrays, the first cycle of each substitution of @ is 
the inverse of the first cycle of the corresponding substitution 
of G’. 

This fact, combined with the fact that if the first two 
letters of each pair of corresponding substitutions of two 
simply isomorphic regular groups are the same then the 
corresponding substitutions are identical, leads to a very 
simple method for deriving G from G’ or vice versa. This 
method is embodied in the following theorem: 
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The substitution of order 2 which transforms into their inverses 
each of the cycles of G or G’ which involve a given letter, and 
leaves this letter fixed, transforms G and G’ into each other. 


Hence it is very easy to find either one of two conjoints when 
the other is given. 

A substitution of order 2 which transforms the potential 
and the antipotential group into each other may be found 
from the fundamental group itself without the use of the 
regular representation. In fact, if 1, se, 83, ---, 8, are the 
operators of the fundamental group and if we associate g 
different letters with these operators, then cycles of these 
letters correspond to the various distinct powers of these 
operators. The substitution of order 2 in question may be 
obtained by finding the substitution which transforms each 
of these cycles whose order exceeds two into its inverse and 
omits the letter which corresponds to identity. 

To illustrate this method, consider the group of order 8 on 
four letters, and represent its substitutions as follows: 


1= A, ac-bd=B, ac = C, bd = D, 
abed = E, adecb= F, ab-cd=G, ad-be= H. 


The only cycle on the capital letters whose order exceeds 2 is 
EBFA. Hence EF transforms the potential and the anti- 
potential group of the octic group into each other. That is, 
if the octic group is represented in the regular form on the 
given capital letters in accord with the usual process, then the 
transposition EF will transform this regular group into its 
conjoint and vice versa. From the preceding developments 
there follows the theorem: 

If each operator of any given group A is represented by a 
distinct letter, then the substitution which transforms into their 
inverses the cycles representing the various distinct powers of 
all those operators whose orders exceed 2, and omits the letter 
corresponding to identity, transforms the conjoints of A into 
each other, if these conjoints are written on these letters in the 
usual way. 

When the group A is an abelian group it is identical 
with its conjoint and hence it is transformed into itself by 
the substitution noted in the preceding theorem. In fact, 
in this case the substitution in question merely transforms 
into its inverse every operator of A and hence it is contained 
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in the holomorph of A. In general, this substitution trans- 
forms the holomorph of G into itself; and when @ is non- 
abelian this substitution and the holomorph of G@ generate 
the double holomorph of G. In regard to the given simple 
isomorphism between G and G’ it may be added that if we 
let every operator of any group correspond to its inverse 
we get a simple isomorphism only when the group is abelian; 
but if we multiply in one of these two corresponding groups 
on the right and in the other on the left there always results a 
certain kind of simple isomorphism. Moreover, it is easy to 
verify that if this kind of simple isomorphism can be estab- 
lished between two groups these groups must be actually 
simply isomorphic. 

As regards the theorems relating to conjugate subgroups 
and invariant subgroups which were developed in § 2, it should 
perhaps be emphasized that these theorems enable us to 
determine at a glance all the conjugates of a given subgroup, 
or of a given operator, provided the potential and the anti- 
potential representation of the group are before us. Similarly 
they enable us to see at a glance what substitutions and 
what subgroups are invariant. On the other hand, it should 
be observed that the representation of a given group in the 
potential and the antipotential form is laborious, so that 
these theorems appear to be of more theoretical than practi- 
cal interest. 


THE EQUATION OF PICARD-FUCHS FOR AN 
ALGEBRAIC SURFACE WITH ARBITRARY 
SINGULARITIES. 


BY DR. 8. LEFSCHETZ. 


{Read before the Southwestern Section of the American Mathematical 
Society, November 28, 1914.) 


1. Let F,,(z, y, z) = 0 be the equation of an algebraic 
surface of order m with arbitrary singularities, the axes 
having an arbitrary position, and let 

P(a, y, z)dx 
F, 


be an abelian integral of the second kind attached to the 
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curve C, in (xz), having for equation F, = 0. If pis the genus 
of C,, then the periods of this integral, considered as func- 
tions of y, satisfy a linear homogeneous differential equation 
of order 2p: Ex, = 0, called the equation of Picard-Fuchs. 
Introduced by Fuchs, a complete study of it was made by E. 
Picard* for the case where the surface has only ordinary 
singularities, that is, a double curve with a finite number of 
points triple for both the curve and the surface. As it is as 
yet unproved that any variety of more than two dimensions 
can be birationally transformed into one having only “ordi- 
nary singularities,” it seems important, for the complete gen- 
erality of investigations bearing upon integrals belonging to 
varieties, first to extend the most important results obtained 
by Picard to surfaces with arbitrary singularities, and this is 
the object of the present note. 

2. Let wi, ---,@2,) be a fundamental set of periods for the 
integral in question, w any other period. When y describes a 
closed path, w may be changed into w’, and we have 

2 Hu; 


dy 


the integers m being independent of k; hence the differential 
equation 
(k= 1, 2, iiaey. 2p) 
remains unchanged, and if it is written in the form 


L Pi = 0 =1), 


the p’s, being uniform everywhere in the y plane and regular 
at infinity, are rational in y. 

3. Let aj, a2, --- be the winding points of the Riemann 
surface C,, Q; a cross-cut traced in the z-plane from a fixed 
point A around a; and back to A. Any period is of the type 

f P(a, y, 2)dx 


F, 


* Picard-Simart, Traité des Fonctions algébriques de deux Variables, vol. 
1. p. 94. 
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the sum being extended to a system of cross-cuts 2+ Q; forming 
a closed path on the Riemann surface. P being taken as a 
polynomial, this period may cease to be holomorphic where 
and only where two or more of the winding points coincide. 
Let (a, b, c) be such a place. When y describes a closed path 
around b, the a’s undergo a substitution, product of several 
cyclic substitutions having no common letters. Let 


(a, an) 
be one of these cycles. For y = b, we have 


When y describes a closed circle of small radius around 6 
the a’s form the vertices of a regular polygon of h sides 
having a for center. The axes being arbitrary, the curve C; 
is not reducible; for otherwise, that is, if all plane sections 
of F through (a, b, c) were reducible, the surface would be 
a cone of vertex (a, b, c) (theorem of Castelnuovo) —a case 
which we may exclude for the present. To a loop Q, going 
from a around a, and back to a and joining two sheets 1-2 
of the Riemann surface C,, there will then correspond a loop 
Q’ going from a toa winding point a and joining the same 
sheets. Furthermore since a; can be brought into coincidence 
successively with a2, ---, a, there are loops Qo, ---, Q, joining 
these two sheets and going from a around az, ---, a,. The 
winding point a may or may not be an ordinary branch point, 
but in any case, when y = b, a + a. 

4, The integral of §1 may have periods of two natures. 
The first will correspond to cycles formed by the loops Q;Q;, 
the second to cycles formed by the loops Q,Q’. Let wi, ---, wn 
be the periods corresponding to the cycles 


(Qi + + Q:) 
and w,’, --- the periods corresponding to the cycles 


and suppose first that the winding point a comes in coin- 
cidence with no other for y = 6. By the same reasoning as 
Picard’s,* it is easy to show then that when y describes a 


* Loc. cit., p. 96. 
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closed path around b, w; changes into = w:) and 
into w;’ @i. Let = Then 


is a uniform function of y in the vicinity of }, for all values. 
of the integer k. Taking k= 1, 2, ---,h we obtain h, uniform 
functions of y, and solving the equations for the w’s, we 
have 


where the (S)’s are uniform in y, near b. The period w;’ is 
of the form* 


wi = (y — + log (y — b) 
+ +++ + (log (y—b) )*} 
+ (y — + log (y — 6) + ---], 
this being the general form of the integrals of E., = 0 in the 
neighborhood of the critical point b. The r’s are the roots 
of the fundamental equation relative to b which are not of 
the form k/h. When b describes a closed path this integral 
is increased by one which contains logarithmic terms, or 
terms in y — b)", as long as all the y’s, and all the g’s 
except ¢o1, ---, Gon’, Gin* do not vanish. As we have seen, 
w;’ is Sch by w;:, and w; contains no logarithmic terms 
nor terms in (y— b)”; hence for w;’ we have the expression 
¢ being uniform in y near b. 
5. We may remark that by replacing P(z, y, z) by 


(y — b)*P(z, y, 2), 
q being so chosen that 
P(z, y, z)(y — 6)? 
F, 


*E. Picard, Traité hee ry vol. 3, p. 282. The y’s and y’s are 
uniform in the "neighborhood 
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shall be finite in the vicinity of b, we obtain an integral having 
periods @ = (y — b)%, w being the period of the integral 
considered so far, corresponding to w, and that these periods 
@ are all finite. Hence the functions 9, S uniform near b, 
have this point for pole, but not for essential singularity, 
and therefore: The equation E2, = 0 has only regular integrals. 

It is seen directly, by considering the circuits on the Rie- 


mann surface C,, that 2 w;=0. Hence: In the vicinity of a 
critical point b, there is a = culteie number of independent periods 


of the integral 


SAY W1, -**, Ws, having this pee either for pole or for critical 
algebraic point, and such that when y describes a closed path 
around b, any period is increased by integral multiples of these. 
A period non-uniform near b behaves either like w; or w;’ or a 
combination of both. This result really generalizes the one 
obtained by Picard (loc. cit.). The whole theory of double 
integrals of the second kind of F can now be developed as in 
the case of the surface with ordinary singularities. The 
considerations made there only require that the periods 
@, --+,@, be finite near b. If this condition is not satisfied 
for all critical points, we can replace the integral considered by 


f P(x, y, z)dx 
F, 


gy being a polynomial in y so chosen that the above condition 
shall be satisfied for all points b. If po, p, rhave the same mean- 
ing as with Picard* we have for the number of double inte- 
grals of the second kind 


po = N — 4p — (m— 1) + 2r— — 1), 
the same formula, if we set N = 2s, as that obtained by the 
French mathematician. N denotes the class when the sur- 
face has only ordinary singularities. Since po is an absolute 
invariant with respect to birational transformations, we have 


by taking this number for the surface F birationally trans- 
formed of F and with ordinary singularities 


* Picard-Simart, loc. cit., vol. 2, p. 408. 
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N — 4p — (m— 2) + 


where me T, p are the invariants p and those of Zeuthen-Segre 
for F. If I is the same invariant for F, since ] —P =I — p, 
we have 


I= N—4p—m=2%s—4p—m. 


Hence 2s is equal to the “equivalence” in nodes of the point 
(a, b, c) in the evaluation of the invariant J for F by means 
of the pencil C,. This property can be shown directly for 
the following cases: 1°. F has only ordinary nodes. 2°. In 
the vicinity of any of these nodes there lie other nodes, or 
ordinary infinitesimal multiple curves. In these cases it is 
easy to show that in the vicinity of the nodes all the numbers 
such as h are equal to 2. It would be interesting to know if 
such is always the case, but the preceding investigation 
shows that for the applications this does not matter. 


University or Kansas, 
October 17, 1914. 


THE FOURTH DIMENSION. 


Geometry of Four Dimensions. By Henry PARKER MANNING, 
Ph.D. New York, The Macmillan Company, 1914. 8vo. 
348 pp. 

Every professional mathematician must hold himself at all 
times in readiness to answer certain standard questions of 
perennial interest to the layman. “What is, or what are 
quaternions?” “What are least squares?” but especially, 
“Well, have you discovered the fourth dimension yet?” 

This last query is the most difficult of the three, suggesting 
forcibly the sophists’ riddle “Have you ceased beating your 
mother?” The fact is that there is no common locus standi 
for questioner and questioned. To the professional mathe- 
matician the fourth dimension usually suggests a manifold of 
objects depending upon four independent parameters, which 
it is convenient to describe in geometrical language. Occa- 
sionally he does not make any use of analysis, but builds up 
what the Italians call a “Sistema ipotetico deduttivo” of 
abstract assumptions and conclusions. The whole thing is 
professional, and unromantic. Such ideas, are, naturally, 
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unintelligible to the “man in the street.” Moreover, could he 
understand them, they would not answer the questions in 
which he is interested. What he desires is to know whether 
the fourth dimension, whatever it be, throws any light on 
the phenomena of spiritism, or the immortality of the soul. 
Here the professional mathematician is helpless. He is quite 
as ignorant as is his questioner in regard to the physical 
existence of a four-dimensional universe enclosing our space 
of experience. The only sure thing is that neither of them 
has been there. If the mathematician be wise he will refer 
his questioner to such books as our present author’s “Fourth 
Dimension Simply Explained”* or E. A. Abbott’s classic 
“Flatland, by A Square” and leave the matter there. 

Between the non-mathematicians and the professionals 
there is a third class composed of amateurs whose interest in 
the fourth dimension is somewhat different. These are 
persons of moderate mathematical learning who feel a com- 
mendable curiosity as to what geometrical relations obtain in 
spaces of more dimensions than we know, and are glad to 
apply such ability as they possess to the study of the question. 
It is for this class of people, heretofore neglected by English- 
speaking writers, that the present work was written. Let us 
say loudly that we believe that the author has succeeded 
well in meeting their needs. The problems which he takes 
up are the problems in which such readers are interested, the 
methods of attack are those with which they are familiar. 
It must be remembered that the only allowable methods are 
those of elementary algebra, geometry, and trigonometry, 
and in the present work we have elementary geometrical 
methods exclusively. Moreover, these readers know little 
and care less about systems of logically independent axioms; 
they will swallow any reasonable number of assumptions with 
no fear of indigestion; and in the present work very little 
attention is given to axiom grinding. The book is admirably 
fitted for its end. 

Unfortunately we can not leave the matter there. Who- 
ever writes a mathematical book in these days, especially a 
book which introduces the reader to new realms of thought, 
must state clearly somewhere what assumptions he makes, 
and stand steadfastly by them. He need not, indeed, devote 
page after page to proving thoroughly familiar theorems by 


* New York, Munn and Company, 1910. 
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means of some new system of independent axioms, but there 
should never be any doubt about what facts he has actually 
assumed. This sort of definite statement is just what our 
present author never makes; there is always a doubtful zone 
surrounding his hypotheses. Let us exhibit some examples. 

Chapter II is introduced (page 74) with these words: “The 
subjects now to be taken up belong more particularly to 
metrical geometry; and we shall assume the axioms of 
metrical geometry, and employ its terms without special 
definition. In fact, we shall assume all of the theorems of 
the ordinary geometry, except, for the present, those which 
depend on the axiom of parallels.” (In a note the author 
refers to Moore and to Veblen for systems of axioms for 
geometry.) Let us see what conclusions a malevolent reader 
might draw from this statement. Our author says, on page 23, 
that two figures intersect if they have a point or points in 
common. Let us then remember that the leading theorem 
in solid geometry says that if two planes intersect, their 
intersection is a straight line. If we hold to this we need read 
no further, we have excluded a fourth dimension. We must 
consult the footnote to see how the author would avoid this. 
As for parallels, how is a reader whose mathematical equip- 
ment is such as this work presupposes, to decide whether a 
theorem really depends upon the parallel axiom or not? The 
usual proof that all plane angles of a diedral angle are equal 
is based upon the properties of parallel lines, but an inde- 
pendent proof is easily devised. On the other hand the 
theorem that all angles inscribed in the same circular arc 
are equal, does not appear to depend necessarily upon the 
parallel axiom, yet it does so in fact, and is untrue in the 
non-euclidean spaces. No writer should leave to his reader 
the responsibility of settling questions of this sort. 

We used the words “non-euclidean geometry,” just now; 
they suggest a second point wherein we take sharp issue with 
the author. He is very particular to insist again and again that 
he has made no use of the parallel axiom (before Chapter VI) 
and that the theorems developed hold equally well in euclidean, 
and non-euclidean space. Now when an author is careful to 
exhibit explicitly all of his assumptions, and to refer constantly 
to them, a statement of this sort inspires confidence; but when 
he pursues the optimistic course followed in this book, we 
feel the need of caution in accepting the dictum. Let us be 
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more explicit. On page 27 under the heading order we read: 
“If A and B are two distinct points, then A comes before B 
and B lies beyond A in one direction along the line AB while B 
comes before A and A lies beyond B in the opposite direction.” 
One naturally concludes that this is an explicit assumption 
which the author makes about a straight line; but he does not 
like to put things in such a bald fashion, for he says in the 
preceding sentence that the relation of order “may be ex- 
plained somewhat in detail as follows.” What he really does 
is to use order to explain betweenness and then say, pre- 
sumably by way of an axiom, page 28: “Given any three points 
on a line, one of them lies between the other two.” Now 
these assumptions are characteristic of a geometry where a 
straight line is an open locus, and the reader familiar with 
non-euclidean geometry would naturally assume that the 
writer in making such assumptions and building upon them 
intended consciously to exclude elliptic geometry. Such an 
inference is the polar opposite of the truth. The author 
acknowledges in a footnote on page 29 that in elliptic space 
we have cyclic order on a line, and suggests that the reader 
either look ahead to page 213 where a new set of axioms of 
cyclic order are set up, or confine himself to a restricted portion 
of a line. Let us consider these two suggestions in turn. It 
is true that on pages 213 ff. the author gives a set of axioms for 
order in what he calls “double elliptic geometry,” i. e., spher- 
ical geometry where coplanar lines intersect twice, and if these 
be carefully followed we can reach the theorems of Chapter I 
for the spherical case. But he completely overlooks the more 
usual case of single elliptic geometry, where a straight line is a 
closed circuit, yet coplanar lines meet but once. Here we 
encounter a really serious difficulty. We naturally say that a 
point is between two others if it lie upon the smaller segment 
of their common line, assuming the two segments not equal. 
Let us then take two coplanar lines and mark on one of them 
three points ABC in such fashion as to divide the whole length 
into three equal parts. The other line will then contain a 
point of just one of the three segments BC, CA, AB. Now 
move one of the three points a very slight distance from the 
line, without removing it from the plane. We have a highly 
attenuated triangle ABC, and a line coplanar therewith which 
intersects one side, and two sides produced. But this is in 
flat contradiction to the axiom of Pasch, “A line intersecting 
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one side of a triangle, and another side produced, intersects 
the third side,” upon which the whole book rests. 

The author would probably reply that the axiom of Pasch 
was not necessarily true in the whole of the elliptic plane, 
but only in a restricted region. Let us see what is meant by 
this phrase which is cropping up continually; as on page 153, 
where a certain theorem is announced for the plane but a 
footnote says: “Or at least in a restricted portion of a plane.” 
Just what does our author mean by this oft recurring phrase? 
We turn to the index which refers us to page 19 and here we 
are referred to page 6 of the author’s “Non-Euclidean Geo- 
metry.”* There we read: “The following propositions are 
true, at least for figures whose lines do not exceed a certain 
length. That is, if there is an exception, it is in a case where 
we can not apply the theorem, or some step in the proof, on 
account of the lengths of some of the lines. For convenience, 
we shall use the word restricted in this sense, and say that the 
theorem is true for restricted figures, or in a restricted portion 
of the plane.” Surely, these are dark sayings. The meaning 
seems to be that certain theorems are usually true, and if 
they are not true, why that is because some of the lines 
involved are too long. But how are we going to tell in any 
particular case whether this difficulty is going to arise or no? 
We ask in vain; the author vouchsafes no reply. What he 
has in mind is, probably, something of this sort. Let us 
start with a complete elliptic space, and then restrict our- 
selves to such a region as the interior of a sphere whose 
radius is not greater than one quarter of the total length of a 
line. In this region two points determine a single definite 
segment, every segment may be extended beyond either end, 
points on a straight line have an open order, and Pasch’s 
axiom is true. We seem to have removed all of our difficulties 
at a stroke. Alas no! In this vale of tears nothing is 
obtained without cost, and the price which we have paid has 
been to sacrifice the right to extend a given segment by a 
preassigned amount. Equally disagreeable is the fact that 
we can no longer surely drop a perpendicular on a line from 
an outside point. We are, in fact, in a very parlous state. 

No, we take issue entirely with the author on the whole 
non-euclidean question. We feel that the book would have 
been stronger and better if he had taken his stand frankly at 


* Boston, Ginn and Company, 1901. 
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the outset on some recognized system of euclidean axioms. 
Few readers of the type for whom the book was written would 
have missed the non-euclidean cases, fewer we believe than 
the number of those who are in danger of being confused by 
the present arrangement. Such a course would have entailed 
some modification in the highly ingenious treatment of the 
regular hypersolids, but this handicap would have been far 
outweighed by the gain in clearness and precision. 

The work begins with an introductory chapter giving a 
historical account of the subject. The bibliographical refer- 
ences are many, and seem to have been compiled with care. 
The apology for the exclusive use of elementary synthetic 
methods is less convincing. The real reason for such a course 
is that the class of readers especially interested in the subject 
matter understand no other methods. The author is just 
right in saying (pages 13 ff.) that the study of the higher spaces 
throws a flood of light upon the lower ones, but such a state- 
ment is far more convincing if illustrated by a few concrete 
analytical examples. For instance, the statement that the 
system of spheres in our space gives a sensuous representation 
of the points in four dimensions does not drive the matter 
home half so convincingly as when we point out that if we 
refer the point (X, Y, Z, T) in euclidean S, to the oriented 
sphere in euclidean S; whose center is (X, Y, Z) and radius 
—V—1T, the distance of two points in S, will have the 
same analytic expression as the length of a common tangent 
of the corresponding spheres. 

In Chapter I we have the systematic foundation for four- 
dimensional geometry. The axiom of Pasch, already men- 
tioned, is fundamental in all of this work. The plane, hyper- 
plane (S3), and four-dimensional space are actually built up 
by a series of triangle transversal constructions. This is 
what has come to be recognized as the standard method, in 
recent years, and the present author employs it with skill 
and success. A good deal of attention is given to convex 
figures, which are carefully defined, though it is not clear 
whether the author is familiar with the recent work of Whitte- 
more and Lennes dealing with such. The chapter ends with 
a discussion of various graphical properties of solids and 
hypersolids. Some of the latter are more easy to under- 
stand than others. We pass naturally from the pyramid 
in S; to the hyperpyramid in S,. Much more elusive are the 
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double pyramids and double cones (pages 66 and 71) obtained 
by drawing lines from the points of the interior of a closed 
plane curve, to those between two points not in the same 8S; 
as the curve. 

The author’s avoidance of existence postulates gives a 
startling sound to some of his statements, as this on page 59: 
“A space of four dimensions consists in the points we get if 
we take five points, not points of one hyperplane, etc.” The 
reader almost instinctively says: “ Dear me, this is so sudden!” 
Some definitions are also open to objection as, page 32: “A 
point is said to be collinear with a triangle when it is col- 
linear with any two points of the triangle.” Leaving aside 
the secondary consideration that it is a little inelegant to use 
the word collinear in connection with a two-dimensional 
figure, it may be contended with some force that according to 
this definition a point is collinear with a triangle when it is 
collinear with each two points thereof. We reach the author’s 
true meaning if we omit the word any. 

In spite of these criticisms we feel that the reader who has 
read the present chapter understandingly, knows a good deal 
more about geometry than he did before. 

The second chapter is devoted almost exclusively to per- 
pendicularity and is decidedly interesting. The author makes 
very clear the distinction between simply perpendicular planes, 
which lie in an S; and are the usual perpendicular planes of 
commerce, and absolutely perpendicular planes where each 
contains a pencil of concurrent lines perpendicular to the 
other. It is perhaps a pity that he refers only in a note (page 
$5) to half-perpendicular planes, each of which contains just 
one perpendicular to the other. It is regrettable that one 
serious misstatement recurs several times in the chapter. For 
instance, we read on page 77, theorem 3: “ Through any point 
outside a hyperplane passes one, and only one, perpendicular to 
the hyperplane.” How can a writer so desirous to “bless and 
preserve to our use” elliptic space appear to forget that there 
all lines through a point might be perpendicular to a hyper- 
plane? An equivalent mistake will be found on pages 81 
and 82. Another slip occurs in the theorem on page 94. 
If two planes are not in an S§; the lines in one coplanar with 
lines in the other have been defined as linear elements. We 
read: “Given two planes, not in a hyperplane, if any two of 
their linear elements have a common perpendicular line, they 
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all have a common perpendicular hyperplane.” Leaving out 
the question of the ambiguity of the word any, the author 
clearly means a common perpendicular line in their plane, for 
two intersecting lines have plenty of common perpendiculars 
not in their plane. 

Chapter III is devoted to various sorts of angles. It 
starts with a proof that two skew lines have always one com- 
mon perpendicular. This is highly ingenious, being based 
on considerations of continuity and irrational numbers; of 
course the author has cut himself off from the usual simple 
proof based upon parallels. We next come to a study of the 
angles of two planes which have but one common point, and a 
discussion of the curious figure of isocline planes which, 
though only intersecting once, have yet an infinite number of 
equal minimal angles. They are dual figures to the Clifford 
parallel lines of elliptic space. The author pays some atten- 
tion to what he rather infelicitously calls point geometry, i. e., 
the geometry of a bundle of concurrent lines, and edge geo- 
metry, generated by coaxal planes. The two geometries are 
dual to one another, and have elliptic measurement. 

The fourth chapter takes up the concepts of symmetry, 
order, and motion. This, to the reviewer, is by far the least 
satisfactory chapter of the book. To begin with, the language 
is frequently so obscure that the reader vainly tries to find out 
what is assumed, what is defined, and what is proved. For 
instance we read on page 160: “We shall say then that the 
order of a triangle can not be changed by any motion of the 
triangle in its plane, regarding this statement as, in part, a 
definition of the phrase motion in a plane.” The reviewer's 
guess is that this means, motion in a plane is a transformation 
of the plane which leaves invariant the distance of each pair 
of points, and the order of each triangle. What, then, is the 
order of a triangle? We read (page 154): “ We have two prin- 
ciples on which we can base the theory of order in a plane: 

“TI. A and B being any two points of a plane, a point which 
is on one side of the line AB is on the opposite side of the line BA. 

“TI. O, A, and B, being any three non-collinear points of a 
plane, B is on one side of the line OA and A is on the other side 
of the line OB.” 

Exactly what réle in the drama is played by a principle 
the reviewer does not know. The natural inference is that 
we have here a definition of the phrases same side, and opposite 
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sides. Yet this can hardly be the case for we can not say of a 
definition that it is true or not true, yet we continually meet 
statements like that in the corollary (page 155): If I holds 
true of BC and II holds true of OA and OB, then II will hold 
true of OA and OC. The reviewer has had lucid intervals 
when he believed that he understood what these words meant, 
but they were infrequent and of uncertain duration. Similar 
statements occur frequently in the following pages. A very 
definite error occurs in the theorem of page 170: “If after a 
motion of a hyperplane on itself there is no point which occupies 
the position that it occupied before, then every point occupies a 
position that could have been reached by the motion on itself of 
some plane of the hyperplane, or by a screw motion.” 

The proof begins as follows: “Let A be the first position, 
and B the second position of some point, let C be the second 
position of the point whose first position was B, and let D be 
the second position of the point whose first positions was C. 
We will assume that A, B, C, and D are not collinear.” “But,” 
asks the careful reader, “what right have you to assume that 
these points are not collinear?” The answer is “None 
whatever.” As a matter of fact, in the most striking form of 
motion of that elliptic space which is so dear to our author, 
the points are collinear, for each (real) point moves along that 
line of a congruence of Clifford parallels which passes through 
it, and each plane rotates about one such line. This error 
invalidates the proofs of the two important theorems on 
page 174. 

Chapter V is devoted to hyperpyramids, hypercones, and 
hyperspheres, and calls for no special comment. In Chapter 
VI we have, for the first time, the explicit euclidean assumption 
about parallels, and an adequate discussion of parallel planes, 
half-parallel planes, and parallel hyperplanes. The treat- 
ment is good, but would have been better if the author had 
omitted the section on the “hyperplane at infinity.” He 
begins (page 230): “We express certain facts of parallelism as 
if they were matters of intersection, from which, indeed, 
they are derived by limiting processes. Thus we say that 
two lines intersect at infinity only as another way of saying 
that they are parallel.” This is just exactly right. Now 
we know what we mean by “intersect at infinity,” we have as 
yet, however, no meaning for the phrase “point at infinity.” 
If two lines intersect in the usual sense, they have a common 
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point, if they intersect at infinity they have no common point, 
so that “point at infinity” must mean some other undefined 
thing which they share. Yet our author goes serenely on: 
“Points at infinity are sometimes called ideal points. A line 
has a single point at infinity, its intersection with any parallel 
line.” The strange thing is that it is perfectly easy to put 
the whole subject upon a satisfactory basis. We begin by 
defining a point at infinity as a bundle of parallel lines, and 
say that an infinite point lies on a (finite) line, if the latter 
be a member of the bundle defining the former. Starting thus, 
the geometry of the infinite domain can be built up in a simple 
and rigorous way. The latter part of the chapter goes to 
hyperprisms and double prisms, hypercylinders, and double 
cylinders. The treatment is careful, but the subjects are 
sometimes difficult to grasp, especially the double prisms and 
double cylinders. 

Chapter VII is the important metrical chapter, and is 
entirely devoted to volumes and hypervolumes. The author 
determines carefully, and with not a little ingenuity the 
limiting volumes, and the hypervolumes of all of the more 
important hypersolids. It is regrettable, though perhaps not 
surprising, that, as usual, he shies at definitions. For instance, 
we read (page 270): “ A hypersolid is supposed to have a hyper- 
volume which can be computed from the measurements of 
certain segments and angles, and which can be expressed in 
terms of the hypervolume of a given hypercube, taken as a 
unit.” Here again, a few simple assumptions would put the 
matter in a much better light. Hypervolume is a numerical 
coefficient attached to a hypersolid. Congruent hypersolids 
have the same hypervolume, and if a hypersolid be the sum 
of two others, its hypervolume is the sum of theirs. It would 
probably be well also to assume the DeZolt theorem, a hyper- 
solid can not have the same hypervolume as a part of itself, 
and perhaps also the proposition that an infinitely short 
hyperprism has an infinitesimal hypervolume. 

Chapter VIII is the last and deals with the regular hyper- 
solids. Four of these, the pentahedroid, hypercube, 16- 
hedroid, and 24-hedroid are immediately reached, and easily 
discussed. Then follows a half-hearted discussion of the 
Eulerian formula for hypersolids 


No. of vertices + No. of faces = No. of edges + No. of cells. 
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We say that the discussion is half-hearted because the 
author says in a note on page 302 that the formula will not 
be used again, and may be omitted. The formula is said 
only to hold for simple polyhedrons, though we are never 
informed exactly which these are. We are, indeed, told on 
page 63 that the term “polyhedroid” will be applied only to 
certain simple figures defined individually. This promise is 
never carried out, and we are led to the idea that the formula 
is true for simple polyhedroids, since simple polyhedroids are 
those for which it is true. It would have been better to give 
more precise definitions or else leave it out entirely. For 
instance, the following hypersolid is simple, in the sense that 
it is easily described. We start with a rectangular hyper- 
parallelepiped (heaven save the mark!) whose dimensions are 
3xX3X3X 1. This can be constructed from 27 abutting 
unit hypercubes, and fulfills the formula above. We now 
construct a “hyperdoughnut” by removing the middle 
hypercube. By this process we add to our original hyper- 
solid all of the vertices, edges, and faces of the hypercube, 
and all but two of its cells. The formula is no longer appli- 
cable. 

The author next passes to nets of regular polyhedrons, 
meaning thereby systems which entirely fill our space. His 
wording is here sometimes unfortunate, so that the reader is 
in danger of being confused. Let us cite two instances. 
The first is page 305: “The only sets of regular polyhedrons 
that can be used to form nets are 4 tetrahedrons, cubes or 
dodekahedrons at a point,” etc. 

The reader naturally concludes that space could be filled 
with cubes abutting in fours, and wonders how these would 
appear. But what the author means is that if space can be 
filled with regular polyhedrons meeting four at a point, these 
solids must be tetrahedrons, cubes, or dodekahedrons. An 
even more cryptic utterance occurs on page 306: “Any 
combination which more than fills ‘the part of euclidean 
space about a point belongs to hyperbolic geometry, and any 
combination which does not fill the part of euclidean space 
about a point, belongs to elliptic geometry.” These mystic 
words cover a highly ingenious bit of geometrical reasoning, 
which is worth explaining. 

We start with the geometry of a bundle of concurrent lines 
in S;, defining the angle of two such lines, after Laguerre, 


1915.] THE FOURTH DIMENSION. 243 


as a constant multiple of the natural logarithm of a cross 
ratio which they determine with two generators of a certain 
cone. This definition is the same in euclidean and the 
classical non-euclidean geometries, hence the geometry of 
lines of a bundle is the same in all. We next take a regular 
tetrahedron, and drop half-lines from its center perpendicular 
to its faces. These will determine four trihedral angles 
which together fill up the space about this center. We then 
wonder whether these trihedral angles are congruent to those 
of a regular tetrahedron, so that the space could have been 
equally well filled by four abutting tetrahedrons, but we find 
that in euclidean space the face angles of these central tri- 
hedral angles are greater than those which appear in a regular 
tetrahedron. Not so in elliptic space. Here the area of a 
triangle is measured by the excess of the sum of its angles 
over x. If we take our regular tetrahedron large enough, the 
face angles will be just those of the four central trihedral 
angles. We thus complete the first step in the proof that 
elliptic space can be completely filled by regular tetrahedrons, 
meeting in fours. The author closes with an account of two 
pleasant little figures, the 600-hedroid, and the 120-hedroid. 
The treatment is admirable considering the complexity of the 
subject. 

What shall we offer as our final opinion? We have praised 
the book in general and damned it enthusiastically in detail. 
Let the praise be remembered and the blame forgotten. Our 
author has written a book well fitted to interest and stimulate 
the audience he had in mind. He has done far more for his 
day and generation than has Dryasdust, who never makes a 
mistake because he never has anything to say. 

J. L. 
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SHORTER NOTICES. 


Die neuzeitliche Entwicklung des mathematischen Unterrichts an 
den héheren Médchenschulen Deutschlands inbesondere Nord- 
deutschlands. Von Prof. Dr.J.Scuréper. (Abhandlungen 
iiber den mathematischen Unterricht in Deutschland ver- 
anlasst durch die internationale mathematische Unter- 
richtskommission, herausgegeben von F. KiE1n. Band 1, 
Heft 5.) Leipzig, Teubner, 1913. xii + 183 pp. 

Tue publications of the international commission on the 
teaching of mathematics are especially significant at the 
present time when some persons are challenging the right of 
mathematics and other so-called disciplinary studies to con- 
tinue to hold their time-honored positions in our curricula. 
As Germany is one of the strongholds of experimental psy- 
chology and as many of the experiments relating to “trans- 
ference” of power from one subject to another have been 
made by Germans, it is especially interesting to see what 
effect all these discussions have had upon the amount and 
kind of mathematics in the courses of study of the schools 
of that country. The German subcommittee have planned 
five large volumes of “Abhandlungen.” Two of these deal 
with their higher schools; the other three treat of separate 
questions in the instruction in higher mathematics, of mathe- 
matics in the technical schools, and of elementary and normal 
school mathematics. There will be almost forty separate 
pamphlets, written by men who are authorities in their several 
lines. The editor-in-chief is Professor Klein, who is un- 
doubtedly better fitted than any one else to fill this responsible 
position. 

The book under review is the fifth and last part of the first 
volume of the series. Of the three sections into which it is 
divided, the first two deal with the development and present 
conditions in “northern” Germany ‘and the third takes up 
the present status in other parts of the country. The first 
section gives, in a concise form, a picture of the very primitive 
conditions in women’s education that prevailed until recently, 
and it traces out the principal influences which have contri- 
buted to an amelioration of these conditions. The reader’s 
attention is held by the stirring accounts of the long and hard 
struggle against ignorance and prejudice waged at first by a 
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few far-seeing and brave pioneers and later by bands of men 
and women associated together for the purpose of establishing 
adequate schools for girls. The ordinance of May 31, 1894, 
was a great victory in many ways, but it left much to be 
desired. This was particularly true from a mathematical 
point of view, for substantially all mathematical instruction 
except practical arithmetical calculations were explicitly 
excluded from the curriculum. The defecis in these regu- 
lations seemed to stimulate the friends of the education of 
girls to a renewal of their efforts. 

Fourteen years later the Prussian government issued new 
regulations putting the girls’ schools on practically the same 
basis as the boys’ schools as regards the governing boards 
and the training and rank of the teaching staff. The length 
of the course was increased and the curriculum was strength- 
ened. The work in mathematics was, briefly, as follows: 
In the Lyzeum (which the girl entered at the age of six for a 
ten years’ course) the requirements were (1) a very thorough 
drill in arithmetic, especially in mental arithmetic and in the 
arithmetic calculations of every day life; (2) algebra to 
quadratic equations with one unknown; (3) plane geometry 
to the theory of the circle; (4) calculations of the surfaces and 
volumes of the simple solids. Those who wished to prepare 
for elementary teaching entered the Oberlyzeum, where the 
mathematics for the first three years consisted of (1) arith- 
metic and algebra to the theory of complex numbers and 
equations of the second degree in two unknowns (with the 
binomial theorem for positive integral exponents); (2) plane 
geometry to the theory of harmonic points and lines; (3) plane 
trigonometry; (4) stereometry with regard to the principles 
of projective drawing; (5) the elements of plane analytic 
geometry. The last year was given to “practical work.” 
Those who took the two years’ course in the Frauenschule 
discontinued the study of mathematics after leaving the 
Lyzeum. Those who wished to prepare for university study 
could enter any one of the three kinds of Studienanstalten, 
leaving the Lyzeum at the end of the eighth or seventh year 
according to whether they went to an Oberrealschule or a 
Realgymnasium or a Gymnasium. In each of these insti- 
tutions the course in mathematics was more extensive than 
that offered in the first three years of the Oberlyzeum. 
The maximum amount was offered in the Oberrealschule, 


246 SHORTER NOTICES. [Feb., 


where, in addition to the work given in the thirteen years of 
the Lyzeums, there were (1) equations of the third degree, 
(2) the most important infinite series, (3) analytic and syn- 
thetic treatment of conics, (4) sufficient spherical trigo- 
nometry for an understanding of mathematical geography. 

As compared with the order of 1894, this was a wonderful 
gain for mathematics. But even yet this subject is not up 
to the standard for the corresponding schools for boys. An 
increase in the number of hours given to mathematics in the 
Lyzeum and the introduction of at least the elements of the 
calculus into the Studienanstalten are amongst the changes 
strongly urged. But in view of the rapidity of development 
in the last two decades, it is probably only a question of a few 
years until the work in mathematics in the girls’ schools is 
equivalent to that in the corresponding institutions for boys. 

In the third section of the book, the Prussian conditions are 
compared with those in the various other German states. 
For one who is not a German the questions taken up here are 
not so vital as those which preceded. 

It must be noted that the discussions in this book are con- 
fined to the mathematics in schools below university grade. 
The “Study of Mathematics in the German Universities 
since 1870” is the subject of a separate pamphlet in the third 
volume of this series. The author’s genuine sympathy with 
the movement for equality of educational opportunities for 
girls and boys is evident on almost every page. All persons 
interested in the education of girls, whether from a mathe- 
matical point of view or not, are indebted to Professor 
Schréder for this valuable book, with its extensive list of 
references to monographs, journals, and government publi- 
cations. 

Of the present attitude of the governing bodies towards 
mathematics in schools for girls, he says in his conclusion: 
“All the German states are convinced of the necessity of 
proper mathematical instruction in the higher schools for 
girls. In all the recent regulations there are definite direc- 
tions that, through participation in mathematical instruction, 
the girls shall be taught to think more clearly and to express 
their thoughts in a simple and direct manner.” 

E. B. Cow.ey. 


1915. ] SHORTER NOTICES. 247 


Calcul numérique. Par R. p—E Monrtessus et R. p’ADHEMAR. 

Paris, O. Doin et Fils, 1911. 246 pp. 

Tuis work is in two parts. 

The first part (pages 3-138) is by R. de Montessus and is 
entitled Opérations arithmétiques et algébriques. Its prin- 
cipal content is in the three chapters devoted to the calcula- 
tion of the roots of numerical algebraic equations and of 
transcendental equations. For the resolution of these prob- 
lems a rich variety of methods is given. Many of these are 
elementary and are usually found in texts on the theory of 
equations; but others of them are less generally employed. 
As examples of the latter are those (in Chapter V) in which 
the calculus of differences is employed for numerical approxi- 
mations. The methods given are illustrated with many 
numerical exercises. This part contains a very convenient 
and readable account of its subject matter. 

The second part (pages 141-237) is by R. d’Adhémar and 
is entitled Intégration. It is concerned primarily with quad- 
ratures and differential equations, but contains a short 
digression on implicit functions and equations, the latter 
being treated by the method of successive approximations. 
The author has attempted only an introduction to his subject; 
this is desirable and is indeed all that could be done in the 


short space employed. 
P R. D. CARMICHAEL. 


Elementary Theory of Equations. By L. E. Dickson. New 
York, John Wiley and Sons, 1914. v-+ 184 pp. 


It is a good omen for the development of mathematics in 
this country when some of our most brilliant men of research 
are willing to take the time to prepare elementary texts suited 
to the needs of beginners. It is therefore a pleasure to wel- 
come this excellent book, by Professor Dickson, on the 
elementary theory of equations. 

Naturally, no treatment of the difficult Galois theory is 
given. On the subject of invariants one finds merely a few 
illustrative examples and no systematic exposition. These 
omissions will probably be approved by every one who desires 
to use the book in his classes. The remaining and more 
elementary aspects of the theory of equations are developed 
with sufficient fulness to meet the needs of all teachers who 
are likely to employ such a book for purposes of instruction. 
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Certain sections, with a total of about fifty pages, are marked 
with a dagger; the remaining sections form an independent 
whole and provide a briefer treatment for those who desire 
such a course. 

A large number of illustrative problems are solved in the 
text, and about five hundred others are given as exercises. 
These are carefully selected and graded and are distributed 
in such a way as to be convenient for purposes of instruction. 
They are so placed that a reasonably brief and elegant solution 
may usually be expected. 

Interspersed throughout the text is a considerable number 
of brief and clear statements which will serve to give the 
student an outlook upon various topics of decided intrinsic 
and historical interest. 

In Chapter I (pages 1-17) is given a treatment of the 
scientific art of graphing. By its aid one may make better 
graphs in less time than otherwise ad at the same time draw 
negative conclusions so as to sense 1uore than he sees. 

Chapter IT (pages 18-30) contains a satisfying introduction 
to complex numbers together with an excellent and concrete 
discussion of the roots of unity. Chapters III (pages 31-37) 
and IV (pages 38-46) are given to a treatment of the solu- 
tion of cubic and quartic equations respectively. 

An exposition of the first proof by Gauss of the fundamental 
theorem of algebra is contained in Chapter V (pages 47-54), 
while Chapters VI (pages 55-62) and VII (pages 63-80) are 
given respectively to elementary theorems on and symmetric 
functions of the roots of an equation. 

Chapter VIII (pages 81-92) contains a treatment of reci- 
procal equations, construction of regular polygons, dupli- 
cation of cubes, and trisection of angles. It is shown that 
the second last and in general the last constructions are not 
possible with ruler and compass. Likewise the impossibility 
of such a construction for a regular polygon of 7 or of 9 sides 
is proved by a method applicable to the general case of non- 
constructible regular polygons. 

Chapter IX (pages 93-108) is devoted to the problem of 
isolating the real roots of an equation with real coefficients. 
In view of the errors which are often found in the statements 
and proofs of the theorems of Descartes and Sturm and 
Budan, it is refreshing to find them here treated in a satis- 
fying manner. 
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In Chapter X (pages 109-126) on the solution of numerical 
equations emphasis is put upon the method of Newton on 
account of its several advantages; but an appropriate treat- 
ment is also given of other methods. 

Chapter XI (pages 127-149), which is independent of the 
earlier chapters, contains an easy introduction to determinants 
and their application to the solution of systems of linear 
equations. 

Finally, Chapter XII (pages 150-166) is devoted to the 
theory of resultants and discriminants. 

The reviewer believes that this book will be found highly 
satisfactory and that it will have wide use. 

R. D. CarMIcHAEL. 


The Teaching of Geometry. By Daviw Smith. Ginn 
and Company, 1911. v + 339 pp. 

Tue Teaching of Geometry is a good book. It is “worth 
the paper it is printed on,” which can not be said of some books 
and it is worth a great deal more, which can be said of com- 
paratively few books. The preface puts the reader in the 
spirit of the text immediately. The table of contents tells 
as completely as one page can what is contained in the three 
hundred and thirty. The first chapter contains a discussion 
of “questions at issue” in mathematical pedagogy. The 
reader is given both opportunity and encouragement to range 
himself on one side or other of these questions, but not without 
an understanding of what they mean. The next five chapters 
include some reasons for studying geometry, a brief history of 
the development of the subject giving necessarily much 
prominence to Euclid’s part in this development and to efforts 
at improving or modifying his treatment of the subject. 
The remainder of the book takes up some of the details of 
classroom work, but no cut and dried rules are given. The 
author’s own words describe the spirit of this text quite excel- 
lently: “Get a subject that is worth teaching and then make 
every minute of it interesting.” J. V. McKELveEY. 


A History of Japanese Mathematics. By Davin EUGENE 
Smita and Yossio MriKami. Chicago, The Open Court 
Publishing Company, 1914. v + 288 pp. 

TuE history of Japanese mathematics as given by Smith 
and Mikami seems to furnish a parallel in some respects to 
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the history of mathematics in Europe. Problems of a similar 
sort were studied in the east and west by very different 
methods with uniformly identical results. The Japanese 
methods seemed to be painstaking and exquisite in detail, 
rather than powerful and rigorous as were the European. 
The “circle principle” similar to the calculus, an equivalent 
of Horner’s method, the value of 7, determinants, configura- 
tions of circles, ellipses and straight lines on a folding fan, 
i. e., in the sector of an annulus were among the subjects 
studied by Japanese mathematicians. In the earlier years, 
foreign learning was forbidden entrance to Japan. A few 
pupils studied with teachers of their own choosing. Fre- 
quently these teachers kept secret their most precious dis- 
coveries or revealed them to their favorite pupils on condition 
that the information should go no further. Japanese teachers 
were accustomed for a long time to post problems for solu- 
tion on the temple doors, frequently using a pupil’s name 
rather than their own. 

The “closed door” method of study continued, but with 
weakening prestige, until the beginning of the nineteenth 
century, when western learning was freely recognized. 

J. V. McKeEtvey. 


Die realistische Weltansicht und die Lehre vom Raume. Von E. 
Stupy. (Band 54, Die Wissenschaft, Einzeldarstellungen 
aus der Naturwissenschaft und Technik). Braunschweig. 
Friedr. Vieweg und Sohn, 1914. ix + 145 pp. 


THE purpose of this essay appears very clearly from an 
announcement by the publishers, according to which the 
author attempts to show that the question concerning the 
true nature of space, like others, is a problem of natural 
science that cannot be answered by “ pure reason,” as proposed 
by Kant. 

In the theory of the problem of space it is shown that, as 
in natural sciences in general, nothing can be accomplished 
without the aid of experience and hypotheses. Of these, so 
far, only the euclidean hypothesis has gained practical im- 
portance, although to the non-euclidean hypotheses must be 
accorded the same theoretical value (Erkenntniswert). 

The first part of the book deals with philosophic questions 
and is accessible to a generally educated public. The second 
part requires a fair knowledge of analytic geometry. It is 
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the contention of the author that a sufficient and precise 
formulation and understanding of the theory of space is 
impossible without analytic geometry. 

Throughout the book Study lives up to his well merited 
reputation as an acute and competent critic. 

In the first chapter the problem of space is presented from 
the standpoint of realistic philosophy to which the author 
confesses. It is headed by a motto due to Helmholtz: 
“Unwiirdig eines wissenschaftlich sein wollenden Denkers ist 
es, wenn er den hypothetischen Ursprung seiner Siatze ver- 
gisst.” According to this philosophy, space is real and not 
merely a concept of logic. We conceive space because we 
live in it, and we are not able to say exactly what it is. To 
conceive it in a mathematical sense we must make certain 
hypotheses which are based upon experience. 

The second chapter deals with the enemies of realism: the 
idealists, the positivists and, last but not least, the pragma- 
tists; it may be called a clever satire against these philos- 
ophies. Pragmatism in particular is torn to shreds and, 
according to Study, does not seem to reflect great credit upon 
the intellectuality of the age and class that conceived it. He 
speaks of the “gallertartige Konsistenz dieser Quallenphilo- 
sophie” (jelly-fish philosophy). 

After critizing the idealistic (a priori) conception of space, 
in the succeeding fourth and fifth chapters the author develops 
in detail the realistic theory of space. From the data of 
experience alone (positivism) it is not possible to deduce a 
system of mathematical concepts, or a system of geometry. 
What we here may expect from experience and the construc- 
tion of hypotheses, in particular of the experiment, is not more 
nor less than in other problems of natural science. In many 
cases, when making hypotheses, we may not expect a uni- 
form answer from nature. The hypotheses on the nature of 
empiric space are of exactly the same type as all other hy- 
potheses of the natural sciences. From this standpoint the 
only admissible hypotheses of natural geometry that may be 
considered seriously are the euclidean and the so-called non- 
euclidean geometries. The reason for this is that for these 
we have sufficient material for induction, while this is not true 
of certain “artificial” geometries. The different steps in the 
mathematical treatment of the problem of space from the 
realistic standpoint are carefully and clearly explained. 
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Naturally, such a treatment leads to a sharp conflict with 
the school of “logisticians” and enthusiasts of “axiomatics.” 
This phase of the great problem is considered in the concluding 
chapter: axiomatics in geometry. It seems to me of great 
importance and actuality and I should like to advise every 
young American mathematician to read carefully this clear 
cut presentation of the issue. 

On the tendency to reduce all and everything in mathematics 
to axiomatics the author has this to say: 

“Mit Uebertreibungen dieser Art, die eine etwa als Axio- 
masis zu bezeichnende wissenschaftliche Modekrankheit dar- 
stellen, haben wir es jedoch nicht zu tun. Man muss sie 
austoben lassen: Gleich allen Moden werden sie von selbst 
aufhéren.” 

Concerning the comparative value of productive mathe- 
matical activities Study makes the following statement: 

“ Auf die Resultate kommt es vor Allem an, und in zweiter 
Linie erst steht die Methode fiir Den, der nicht nur mathe- 
matische Philosophie oder philosophische Mathematik treiben, 
sondern sich schépferisch betiitigen will.” 

The critical remarks concerning Poincaré’s scientific ac- 
tivity, so far as they are of a personal nature, might have 
been omitted. Poincaré was precisely of the type of mathe- 
maticians that were after results; with him the method was 
of secondary importance. 

As a whole, the reading of the book with its vigorous and 
aggressive style is very refreshing, and nobody that intends 
to be well informed on the foundations of mathematics should 
fail to familiarize himself with its contents. 

ARNOLD Emcu. 


Contribution & Etude des Courbes convexes fermées et de cer- 
taines Courbes qui s’y rattachent. Par CHarLes JORDAN 
et Raymonp Fiepier. Paris, A. Hermann et Fils, 1912. 
77 pp. 

As the authors point out, this monograph is an auxiliary of 
their investigations in geometric probabilities and treats of 
closed convex curves and some associates that may be con- 
veniently established by the method of tangential polar 
coordinates. 

Such a system in a plane may be defined as follows: 

Choose a point as the pole and a straight line through it, 
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with a definite direction as the positive direction, as the polar 
axis. Then, a directed straight line will be defined: 

(I) When the angular coefficient a is given; i. e., the angle 
through which the polar axis must be turned in a counter 
clock-wise direction to make it coincide with the positive 
direction of the given straight line. Thus, a may vary from 
0 to 27. 

(II) When the distance | p| of the pole from the straight 
line is given; the tangential vector p will be considered as 
positive or negative according as the pole lies to the left or 
right of the straight line; p may therefore vary from — ~ to 
+ ©. 

An equation F(p, a) = 0 under certain conditions repre- 
sents a curve enveloped by the straight lines whose coordinates 
a and p satisfy this equation. Also in this system of co- 
ordinates the parametric representation (uniformization) is 
of great importance. In order that p = f(t), a = ¢(t) repre- 
sent a curve of type II (including convex curves) it is necessary 
that f(f) and {y(t) — xt/w} be coperiodic uniform functions 
of t, of period 2w, and that the first derivatives of p and @ 
exist for all values of ¢. Moreover, a must be a monoton 
function of tf. 

By means of these coordinates and parametric represen- 
tations, such curves as reciprocal polars, “developoids,” 
“developants,” “tangential radials” and “antiradials,” par- 
allel curves, envelopes of diameters, “centrics” and “ medials” 
of convex curves, and “orbiforms” (convex curves of constant 
diameter) and their relations are investigated. 

For the purpose in view the method of tangential polar 
coordinates is very effective and, in the hands of the authors, 
has produced a number of new results. 

The treatment is clear and concise, but the lack of appro- 
priate headings throughout the text detracts somewhat from 
a convenient and systematic presentation of the subject. 

Typographically the work is below the usual French stan- 
dard of book-making. See, for instance, the formula below 
the second line on page 25. 

ARNOLD Emcu. 
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Naturai Sines to Every Second of Arc, and Eight Places of 
Decimals. By Emma Girrorp. Published by Mrs. Gifford, 
Oaklands, Chard, Somerset, 1914. vi+ 543 pp. Price 
£1. 

Unt the opening years of the twentieth century it seemed 
quite unnecessary to undertake the computation of tables of 
natural functions beyond what had long been in print. The 
recent development of various types of calculating machines, 
however, has destroyed the monopoly held by logarithms 
for the past three hundred years, and has restored to the 
natural function something of its early prominence, particu- 
larly in the work in astronomy. When Georg Joachim, sur- 
named Rheticus (b. 1514), computed his great table to every 
10” of are and to ten figures, it was thought that nothing 
further could well be demanded, and the posthumous 
publication of these tables by Valentine Otho, under the title 
of Opus Palatinum (1596) was justly felt to mark a great 
epoch in mathematical progress. The invention of logarithms 
only a few years later, however, relegated the work of Rheticus 
to a position of relative insignificance, and there it would 
have remained had not the rapid progress of calculating 
machinery in recent years rescued it from this unhappy 
position. 

In 1897 Jordan published his table of natural sines, which was 
a reprint of Rheticus to every 10” of arc and to seven figures. 
This was the first important evidence of the return of the nat- 
ural function to its former position, but it merely made 
accessible an important part of the Opus Palatinum, so that 
it represented nothing new in its line. 

Mrs. Gifford started out to work de novo on a table of 
natural sines to every second of arc, not having access to the 
work of Rheticus when she began. By the expenditure of an 
amount of time and work which seemed out of all proportion 
to the results secured she computed, two hundred and forty 
sines. She then secured a copy of the Opus Palatinum and 
proceeded to find the sines by interpolation, checking from the 
results she had already secured and from Callet’s centesimal 
table in which are given a thousand sines to the quadrant, 
or one to every 324” of arc. When in doubt as to the eighth 
decimal place she checked by the equation sin? z + cos? z = 1. 
The work of interpolation was performed by the aid of a 
Thomas calculating machine, using the figures given by 
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Rheticus for every 10” of arc, and carrying these to ten decimal 
places as in the original table. 

The arrangement of the table is not semiquadrantal, as 
in those in common use. This latter form does not lend itself 
easily to a large octavo page when the work is carried out to 
every second. Otherwise the arrangement is similar to that 
found in Chambers and other familiar tables. A convenient 
table of differences is given in the margin for each half of each 
page,—that is, for every 5’ of arc. 

As to the accuracy of the work it is too early to speak. 
A set of tables containing a million and a half figures is sure 
to have errors, particularly as nine of the ten columns on a 
page represent new calculations. On the other hand Mrs. 
Gifford is a careful and experienced computer, she has had the 
aid of the best machinery and tables, and she has checked her 
work with care, so that it is probable that the number of 
misprints and errors in calculation has been reduced much 
below that found in the older type of tables. 

Aside from the recent work of M. Andoyer, no such notable 
contribution to this kind of mathematical literature has been 
made for many years, and Mrs. Gifford is to be congratulated 
upon the completion of her labors in this important field. 
The tables should be in the library of every higher institution 
of learning, and in every astronomical and mathematical 
laboratory. Davin EvGENE Situ. 


Applied Mathematics. By H. E. Coss. Ginn and Company, 

1911. vii + 274 pp. 

WE meet many calls for “real problems” and “useful 
mathematics” but too often there is a failure to distinguish 
carefully between what is useful, what is real, and what is 
concrete. Carson* has ably drawn the distinction between 
these terms and forcefully argues that real mathematics is 
what we need. “The essence of reality is found in definite 
recognizable percepts or concepts, and is therefore a function 
of the individual and the time”; that is, reality depends upon 
the past experiences of the individual and not only upon the 
subject matter. It is doubtful whether the author of the 
book under review has kept this important distinction in 
mind, but the teacher may select such parts as represent reality 
for his particular students. 


* Essays on Mathematical Education, Ginn and Co., p. 35. 
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The book is a collection of problems intended to be useful 
in the student’s future work. The use of such problems the 
author believes will also correlate the several mathematical 
subjects among themselves as well as with physics. 

The problems are grouped under the following heads: 
measurement and approximate number, vernier and microm- 
eter calipers, work and power, lever and beams, specific 
gravity, geometrical constructions with algebraic applications, 
the use of squared paper, functionality, maximum and mini- 
mum values, algebraic solution of geometry problems, log- 
arithms, the slide rule, angle functions, variation, exercises in 
solid geometry, heat, electricity, and logarithmic paper. In 
the appendix are tables of unit equivalents, four-place log- 
arithms, and a bibliography of problem sources. 

Some problems require the student to obtain his own data 
by measuring, weighing, etc. Many problems contain two 
sets of numbers, one set leading to integral results and one 
involving fractions. The part on numerical calculation and 
approximation deserves special mention. Necessary defini- 
tions and a minimum of theory precede each set of problems. 
This collection is just such a set of problems as live teachers 
wish to have at hand for frequent selection of those which 
may be real for their students. 

Ernest B. Lyte. 


Handbuch der angewandten Mathematik. Herausgegeben von 
H. E. Trwerpine. Berlin and Leipzig, B. G. Teubner. 
Vol. 1. Praktische Analysis. Von H. v. SANDEN. 1914. 
185 pages. 

Vol. 2. Darstellende Geometrie. Von J. HsEtmstev. 1914. 

320 pages. 

OnE or two decades ago there was considerable agitation to 
have mathematics taught to technical students by engineers 
rather than by professional mathematicians. The reaction 
against this tendency, in which the Perry movement played 
an important part, has been decisive and possibly extreme. 
Now every reputable technical school in Europe and America 
has its mathematics taught according to mathematical stan- 
dards by men trained as mathematicians. 

But the engineers had a legitimate grievance; the theoret- 
ically trained man was too frequently unable to apply his 
knowledge to concrete problems. The reason the Perry move- 
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ment failed was that the theoretical side was largely replaced 
by empirical procedures, thus making it impossible for the 
student to take the initiative. All he could do was to follow 
blindly the rule of thumb. 

The present trend seems more much hopeful Jf a final 
solution of the difficulty; it consists of an attempt on the part 
of the mathematician to bridge over the gap by supplementing 
the theoretic solution with a systematic development of the 
graphical and numerical work that shall be at once econom- 
ically feasible, yet sufficiently accurate for the problem at 
hand. Professor Timerding, the editor, is certainly qualified 
to speak as a mathematician; his experience at the technical 
school at Brunswick has enabled him to learn the needs of the 
engineer, hence we can expect the handbook to contain some- 
thing worth while. The first volume is prepared by Dr. 
von Sanden, of the University of Gottingen. Both the book 
and its author developed under the immediate influence of 
Professor Runge, while the emphasis given to graphical skill 
shows the effects of Schilling’s activity in the organization of 
the geometric institute. 

The first chapter is concerned with arrangement of numer- 
ical calculation; it admonishes against the use of detached 
notes, and urges to keep every step of each calculation in 
tabulated form; it points out that a numerical error should 
show up in an unwarranted roughness in the graphical repre- 
sentation. The theory and the use of the slide-rule are de- 
veloped in great detail. The treatment of this chapter is 
fairly typical of the whole plan. The theory is presented 
with sufficient rigor to satisfy the most exacting critic, yet its 
application to a wide range of numerical processes is so 
minutely explained that a reader with patience may soon 
become skilled in its use. Calculating machines are then 
treated in the same way. The planimeter, integraph, and 
harmonic analyzer are simply mentioned. 

The chapter on Horner’s method is almost exactly the same 
as the corresponding chapter in an American algebra; almost 
the same can be said about the chapter on interpolation. In 
mechanical quadrature, the usual treatment of the trapezoidal 
rule and Simpson’s rule is followed by the more comprehensive 
method of Gauss. 

The second half of the book is devoted more particularly 
to graphical differentiation and integration, as developed in 


| 
| 
| 


258 SHORTER NOTICES. [Feb., 


Professor Runge’s Columbia University Lectures. The re- 
mainder in Taylor’s series, the forms of trigonometric series, 
and of series in harmonic functions are treated at length. 
The discussion of systems of simultaneous equations by means 
of successive elimination, by least squares, and by the method 
of Graffe, emphasize the fact that the ordinary expression of 
a root as the quotient of two determinants has but little 
value for numerical purposes. The last two chapters are 
concerned with the graphical and numerical solution of 
ordinary differential equations of the first and second orders. 
The book is supplied with a list of references for further study. 
The table of contents and clearly arranged subject matter 
make an index unnecessary. 

While there was a distinct need for such a book as that of 
Dr. von Sanden, especially in Germany, it is necessary to look 
rather more carefully to discover the need of a new treatise 
on descriptive geometry. But when we recall that the series 
of books is to form a handbook for the teacher, to supply the 
missing step between theory and practice, the purpose is 
easily seen. The book begins with an unusually long dis- 
cussion of orthogonal projection on a single plane; numerous 
applications are given, and the reader becomes familiar with 
this one dominant process. The next chapter of less than 
twenty pages is devoted to the double projection of rectilinear 
figures. It contains all the essential features of the methods 
of descriptive geometry, as applied to straight lines and planes. 
Then follows a short introduction to axonometry and cavalier 
projection. The elements of projective geometry, including 
homology and the cross-ratio theorems of Pappus and of 
Desargues, are fully treated, and a fairly full metrical theory 
of conics is added. 

The part on plane curves includes tangent, normal, radius 
of curvature, evolute, with applications to envelopes, roulettes, 
and cyclic curves. It is more purely geometric and emphasizes 
the graphical properties more than most recent books on the 
subject. 

Surfaces of revolution are considered almost exclusively 
from the standpoint of double projection. A chapter of 
twenty pages is given to the study of quadric surfaces; it 
includes center, diametral planes, contour, rectilinear genera- 
tors, circular sections, and stereographic projection. The 
study of the space curve begins with the simple arc. The 
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projection along a bisecant and along a tangent are clearly 
explained, also from a point in the osculating plane. Cones 
and developables, together with their curves of intersection, 
ruled surfaces and helicoids complete the volume. 

The presentation is too concise for a first reading, but the 
volume is not meant for this purpose. It is rather for the 
teacher who already knows something of the various methods 
and wishes to know their mutual relations. At the end of 
each chapter a generous list of books and monographs is given 
which add greatly to the value of the book. It is a curious 
fact that not a single American work is mentioned. 

Vinci, SNYDER. 


NOTES. 


THe December number (volume 16, number 2) of the 
Annals of Mathematics contains the following papers: “A 
substitute for Duhamel’s theorem,” by G. A. Buss; “The 
points of inflexion of a plane cubic curve,” by L. E. Dickson; 
“Properties of four confocal parabolas whose vertical tangents 
form a square,” by C. M. Hersert; “Some remarks on 
conformal representation,” by T. H. Gronwati; “On the 
maximum modulus of an analytic function,” by T. H. Gron- 
WALL; “Note on the simple difference equation,” by J. H. M. 
WeppERBURN; “Note on the rank of a symmetrical matrix. 
II,” by J. H. M. WeppERBuRN. 


At the Philadelphia meeting of the American association 
for the advancement of science Professor W. W. CAMPBELL 
was elected president, and Dr. L. O. Howarp was reélected 
permanent secretary for a term of five years. Professor A. 
O. LEUSCHNER was elected vice-president of Section A. The 
Association will hold a summer meeting at San Francisco, 
August 2-7, and a winter meeting at Columbus, Ohio, next 
December. A convocation week meeting will be held in New 
York City in 1916-1917. 


Tue Paris academy of sciences announces the following 
prize problems. The Bordin prize (3,000 fr.) for 1915 for a 
noteworthy contribution to the theory of curves of constant 
torsion, in particular of algebraic curves, with special emphasis 
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on rational curves; the grand prize (3,000 fr.) for 1916 for the 
application of the methods of Poincaré to the integration of 
linear differential equations of the first order; the Bordin 
prize (3,000 fr.) for 1917 for the arithmetic theory of non- 
quadratic forms; the Vaillant prize (4,000 fr.) for 1917 for 
the determination of all surfaces which can be generated in 
two ways by the displacement of a rigid curve. 


Tue following courses in mathematics are being given during 
the present semester. 

University or Beriin.—By Professor H. A. ScHwarz: 
Differential calculus, with exercises, five hours; Problems in 
conformal representation, two hours; Seminar, two hours; 
Colloquium, two hours.—By Professor G. FRoBENIUsS: 
Algebra, four hours; Seminar, two hours.—By Professor F. 
Scuotrky: General theory of functions, four hours; Theory 
of the potential, four hours; Seminar, two hours.—By Pro- 
fessor J. KNoBLAucH: Surfaces and space curves, four hours; 
Problems in mathematical pedagogy, four hours; Selected 
chapters in elliptic functions, two hours.—By Dr. A. Knopp: 
Integral calculus, with exercises, five hours; Theory of infinite 
series, II, four hours.—By Professor F. R. HELMERT: Method 
of least squares, one hour. 


University OF Professor A. SCHOEN- 
FLIES: Projective geometry, four hours; Theory of sets, with 
exercises, two hours; Seminar, two hours.—By Professor E. 
HeLuiNGER: Differential equations, with exercises, four hours; 
Theory of integral equations, three hours.—By Dr. O. SzAsz: 
Theory of numbers, with exercises, three hours; Theory of 
continued fractions, two hours.—By Professor M. BRENDEL: 
Celestial mechanics, three hours; Mathematics of insurance, 
two hours. 


University oF Professor D. HILBert: 
Principles of mathematics, four hours; Seminar, two hours.— 
By Professor E. Lanpau: Differential and integral calculus, 
II, with exercises, five hours; Seminar, two hours.—By Pro- 
fessor C. RuNGE: Graphical methods, with exercises, six hours; 
Seminar, two hours.—By Dr. H. v. SanpEN: Mathematical 
treatment of the natural sciences, three hours; Projective 
geometry, with exercises, four hours; Theory of mathematical 
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instruments, three hours; Colloquium, two hours.—By Dr. 
E. Hecke: Curves and surfaces, four hours; Applications of 
the theory of functions to algebra, two hours.—By Dr. H. 
BEHRENS: Elementary theory of numbers, four hours; Galois 
theory of equations, two hours.—By Dr. R. Courant: 
Selected chapters of elementary mathematics, three hours; 
Partial differential equations of mathematical physics, four 
hours; Selected chapters in the theory of functions, two 
hours.—By Dr. F. Bernstern: Mathematical statistics and 
biometrics, two hours; Mathematics of insurance, four hours; 
Seminar, two hours. 


University or Lerezic.—By Professor O. H6tpEr: Elliptic 
functions, four hours; Theory of algebraic equations, two 
hours; Seminar, two hours.—By Professor K. Roun: Dif- 
ferential geometry, with exercises, five hours; Descriptive 
geometry, with exercises, four hours.—By Professor G. HEr- 
GLotz: Differential and integral calculus, with exercises, six 
hours; Analytic geometry of space, three hours.—By Pro- 
fessor H. Bruns: Theory of errors, two hours; Practical 
analysis, two hours. 


UNIversiTy oF Strrasspurc.—By Professor F. Scuur: 
Projective geometry, four hours; Foundations of geometry, 
four hours; Seminar, two hours.—By Professor G. FaBEr: 
Algebra, four hours; Partial differential equations, four hours; 
Seminar, two hours.—By Professor M. Smon: History of 
mathematics in the middle ages, four hours.—By Professor 
J. WELLsTEIN: Differential and integral calculus, with exer- 
cises, five hours.—By Professor R. v. Mises: Analytic 
geometry, four hours; Mechanics of rigid bodies, four hours; 
Seminar, two hours.—By Professor S. Epstern: Hyper- 
geometric differential equations, four hours——By Dr. A. 
SpeisER: Analytic functions and Riemann surfaces, four 
hours. 


Dr. H. FALcKENBERG has been appointed docent in mathe- 
matics at the technical school at Brunswick. 


Dr. G. Pétya has been appointed docent in mathematics 
at the technical school of Ziirich. 


Dr. E. Rosati has been appointed docent in geometry at 
the University of Pisa. 
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Dr. A. Tonoto has been appointed docent in mathematics 
at the University of Padua. 


Dr. A. ARMELLINI has been appointed docent in celestial 
mechanics at the University of Rome. 


Mr. A. Berry has been appointed lecturer in mathematics 
at the University of Cambridge. 


Proressor J. N. Harzmakis, of the University of Athens, 
has retired from active teaching with the title of professor 
emeritus. 


Proressors S. JoLLEs and G. ScHEFFERS, of the technical 
school of Berlin, have received the title of Geheimer Regie- 
rungsrat. 


Proressors A. BRILL, of the University of Tiibingen, and 
M. Puanck, of the University of Berlin, have been elected 
members of the Accademia dei Lincei of Rome. 


Dr. G. P. Tomson has been appointed lecturer in mathe- 
matics at Corpus Christi College, Cambridge. 


Art the Georgia School of Technology, Mr. D. M. Smrru has 
been promoted to an assistant professorship of mathematics. 


Proressor R. M. Barton, of the University of New Mexico, 
has been appointed professor of mathematics in Lombard 
College. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Avert (P.) et (G.). Exercises de géométrie analytique. Paris, 
Vuibert, 1914. 8vo. 360 pp. Fr. 6.00 


Barravu (J. A.). Ruimtezin en ruimteleer. Groningen, 1913. 8vo. 
2 


4 pp. 
Beruiner (P. H.). Involutionssysteme in der Ebene des Dreiecks. 
Braunschweig, Vieweg, 1914. 8vo. 12+212 pp. M. 8.00 


Coss (C. W.). Asymptotic development for a certain integral function of 
zero order. (Diss., University of Michigan.) Norwood, Mass., 
Norwood Press, 1913. Privately printed. 12mo. 13 pp. 


Dowttine (L. E.) and Turneavre (F. E.). Analytic geometry. New 
York, Holt, 1914. 12+266 pp. $1.60 
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Ecuors (W. H.). On the roots of a monogenic function inside a closed 
contour along which the modulus is constant. Charlottesville, 1913. 


Franciosi (M.). Varieta triquadratica V2* e sua proiezione da una retta 
su un S;. Napoli, tip. r. Accademia delle nce fisiche e mate- 
matiche, 1914. 8vo. 22 pp. 


Foeter (R.). Die Klassenkérper der komplexen Multiplikation und ihr 
Einfluss auf die Entwicklung der Zahlentheorie. richt zur Feier 
des 100. Geburtstags Eduard Kummers. Sonderabdruck aus dem 
20. Bande des Jahresberichts der Deutschen Mathematiker-V ereinigung. 
Leipzig, Teubner, 1911. 8vo. 47 pp. M. 1.50 


Gastorowski (L.). Ueber die Definitionsgleichungen der endlichen 
kontinuierlichen Gruppen von Beriihrungstransformationen in der 
Ebene. (Diss.) Giessen, 1914. 


Goovenoucs (G. A.). See Townsenp (E. J.). 


Haac (J.). Cours complet de mathématiques spéciales. Tome I: 
Algébre et analyse. Paris, 1913. 


Harnack (A.). See Serret (J. A.). 
Hero ALeExanprinvus. See Sass (C.). 


ee (C.G.P.). The abelian equations of the 10th degree irreducible 
a@ given domain of rationality. (Diss.) Berkeley (Univ. yo A 
Publ. ), 1914. Royal 8vo. 48 pp. 


Leeson (E.). Savants du jour: Emile Picard. Biographie, ae 
analytique des écrits. 2me édition, entiérement refondue. Paris, 
Gauthier-Villars, 1914. 8vo. 8+80 pp. Fr. 7.00 


Maneo.pt (H. von). Einfihrung in die hdhere Mathematik fiir Studier- 
ende und zum Selbstudium. Band III. Leipzig, Hirzel, 1914. . 
10+485 pp. Geb. M. 14.60 


Neumann (C.). Ueber die Dirichletsche Theorie der Fourierschen Reihen. 
Versuch die Dirichletsche Theorie so umzugestalten, dass sie Auskunft 
gi bt nicht nur iiber die Gleichwertigkeit zwischen der gegebenen 

unktion und der ihr entsprechenden Fourierschen Reihe, sowie iiber 
die Konvergenz der Reihe, sondern auch iiber die Gleichmissigkeit 
dieser Konvergenz. Leipzig (Abh. Ges. Wiss.), 1914. 86 pp. 


M. 3.00 
(G.). See AuBERrT (P.). 
Poxetti (L.). Risultati teorico-pratici di una radicale modificazione del 
crivello di Eratostene. Parma, 1914. 4to. 47 pp. 
Sass (C.). De Heronis Alexandrini quae feruntur definitionibus geometri- 
cis. (Diss.) Gryphiswaldensis, 1913. 
Scuerrers (G.). See Serret (J. A.). 


Srrret (J. A.). Lehrbuch der Differential- und Integralrechnung. Nach 
Axel Harnacks Uebersetzung. 3ter Band: Differentialgleichungen 
und Variationsrechnung. 4te und 5te Auflage, bearbeitet von G. 
Scheffers. Leipzig, Teubner, 1914. 8vo. 14+735 pp. M. 14.00 


TaRNvuTZER (G.). Ueber die kubischen Nullkurven des linearen Kom- 
plexes. Ziirich, 1913. 8vo. 51 pp. 


TownsEnD (E. J.) and GoopenoucH (G. A.). Calculus. New 
Holt, 1914. 


—. Essentials of calculus. New York, Holt, 1914. iis 
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Turneavure (F. E.). See (L. E.). 


Waace (E.). Zur Tschebyschefschen Primzahlentheorie. pe 
1-2. Wien (Siizb. Akad.), 1913-1914. Gr. 8vo. 19+18 pp. 


Wotrr (H. C.). Mathematics for agricultural students. New cathe 
McGraw-Hill, 1914. 8vo. 310 pp. $1.50 


II. ELEMENTARY MATHEMATICS. 


Bécuer (M.) and Gaytorp (H. D.). Trigonometry with the theory and 
= of logarithms. New York, Holt, 1914. 12mo. wae: | Pp 
oth. 1, 


Brewster (G. W.). See SANDERSON (F. W.). 


Bruce (W. H.) and Copy (C.C.). Plane and solid geometry. Nashville, 
Tenn., Southern Publ. Assn., 1913. $1.25. Teacher’s edition, 
1.25 


Buscu (F.). See Féaux (B.). 

Cuapsey (C. E.) and Skinner (H. M.). Advanced arithmetic. Boston, 
Atkinson, Mentzer & Co., 1914. $0.55. 

——. Elementary arithmetic. Boston, Atkinson, Mentzer & Co., 1914. 
14+-220 pp. $0.35 

——. Intermediate arithmetic. Boston, Atkinson, Mentzer & Co., 1914. 

Copy (C.C.). See Bruce (W. H.). $0.45 


F£éavux (B.). Ebene Trigonometrie und elementare Stereometrie. 9te 
von F. Busch. Paderborn, Schéningh, 1914. 


——. Lehrbuch der elementaren Planimetrie. 11te Auflage, von F. 
Busch. Paderborn, Schéningh, 1914. 223 pp. Geb. M. 3.00 


FetpMan (D. D.). See Hart (C. A.). 

Frink (F. H.). See Haut (A. G.). 

Gaytorp {(H. D.). See (M.). 

GRENVILLE (L. W.). Key to Hall’s School algebra. Parts I, II, III. 
London, Macmillan, 1914. Cloth 10s. 


GutzMer (A.). Die Tatigkeit des iiaiies Ausschusses fiir den mathe- 
matischen und naturwissenschaftlichen Unterricht in den Jahren 1908 
bis 1913. Leipzig, Teubner, 1914. Gr. S8vo. 8+482 pp. ie 


Hatt (A. G.) and Frinx (F.H.). Plane trigonometry with trigonometric 
and logarithmic tables. New York, Holt, 1914. $1.25 


Hatt (H.S.). See (L. W.). 


Hart (C. A.) and Fetpman (D. D.). Plane and solid geometry. New 
York, American Book Co., 1912. 12mo. 8+488 pp. Cloth. $1.25 


Herere (J. L.). See Hero. 


HeENK.LER (P.) und K6rner (K.). Arithmetik und Geometrie fiir die 
oberen Klassen. 2ter Teil, 1ter Band von P. Henklers Mathe- 
matischem Lehr- und Uebungsbuch fiir die Lehrerbildungsanstalten. 
Berlin, Union Deutsche Verlagsgesellschaft, 1914. 398 pp. 

Hero ALEXANDRINUS. Opera quae supersunt omnia. Volume V: 
Stereometrica et de mesuris. Copiis G. Schmidt usus edidit J. L. 
Heiberg. (Graece et Germanice.) Leipzig, Teubner, 1914. 8vo. 
126+275 pp M. 10.00 


gen 
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(K.). See HenKuEr (P.). 


Kravs (K.). Grundriss der ng und des angry Zeichnens 
fiir Lehrerbildungsanstalten. 4te Auflage. Wien, A. Pichlers Witwe, 
1914 245 pp. Geb. Kr. 2.70 


Krimpuorr (W.). See Scuwerine (K.). 


Lawson (G). A new metry for schools. Book I: Tine and 
parallelograms. Edinburgh: Chambers, 1914. 8vo. 


Leatuer (H.). Pendlebury’s new concrete arithmetic. First to Be 
years. London, Bell, 1914. 4+4+4+46+6d. 


Lesser (O.). See Scuwas (K.). 

LG6FFLER (E.). See (0.). 

Léxcuer (0.) und Lérrier (E.). Methodischer Leitfaden der Geometrie 
nebst einer Vorschule der Trigonometrie fiir héhere Lehranstalten 
Stuttgart, Grub, 1914. 201 pp. M 2.80 

Mus (J. F.). See Stone (J. C.). 


Mine (R. M.). Mathematical papers for admission into the Royal 
military agers | and the Royal military college, July, 1914. London, 


Macmillan, 1914 1s. 
Mune (W. J.). New York state arithmetic. Books 1-2. New York, 
American Book Co., 1914. $0.40+0.40 


(C. H.). See Scuwas (K.). 


PaEHLER (F.). Rechenbuch fiir héhere Lehranstalten. ites Heft: fir 
Sexta; 2tes Heft: fir Quinta; 3tes Heft: fiir Quarta. Frankfurt 
a. M., Kesselbring, 1914. 91+87+156 pp. 


Paterson (W. E.). Five-figure logarithmic and trigonometrical tables, 
Oxford, Clarendon Press, 1914. Cr. 8vo. 28 pp. 1s, 


Renaut (C.). Nouvelle table pour le calcul des dixiémes, des neuviémes, 
des huitiémes, des septiémes, échus sur contributions, pour tous les 
nombres dep. 0 jusqu’é 1019. Paris, 1913. Fr. 4.00 


SanpEerson (F. W.) and Brewster (G. W.). A geometry for schools. 
Cambridge, University Press, 1914. Cr. 8vo. With answers, 
10+336 pp.; also without answers. Cloth. 2s. 6d. 


Scument (C.). Rechenbuch fiir héhere Lehranstalten. 12te Auflage. 
2 Teile. Giessen, E. Roth, 1914. 236+267 pp. Geb. M. 3.70 


Scumipt (G.). See Hero. 


Scuusert (H.). Niedere Analysis. 2ter Teil: Funktionen, Reihen, 
Gleichungen. (Sammlung Schubert, Band XLV.) 2te Auflage 
Leipzig, Géschen, 1911. 12mo. 4+216 pp. Cloth. M. 3.80 


Scuwas (K.) und Lesser (O.). Mathematisches Unterrichtswerk. Leip- 
zig, Freytag, 1914. Lehr- und Uebungsbuch fiir den Unterricht in der 
Arithmetik und Algebra von O. Lesser; 1ter Teil, Ausgabe B fir 
Gymnasien, besorgt von C. H. Miiller. Ite Auflage. 162 pp. Lehr- 
und Uebungsbuch der Geometrie von K. Schwab; Iter Teil, Ausgabe A 
fiir Realanstalten. 4te Auflage. 281 pp. Geb. Dasselbe, 2ter Teil, 
Ausgabe A fiir Realanstalten. 3te Auflage. 138 pp. Geb. 

. 2.00+-3.50+1.90 


Scuwerine (K.) und Krmpnorr (W.). Ebene Geometrie. 8te Auflage. 
Freiburg i. Br., Herder, 1914. 143 pp. Geb. M. 2.50 
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Skinner (H. M.). See Cuapsey (C. E.). 

(H. E.). See Winczynsk1 (E. J.). 

Smirg (D. E.). See Wentworts (G.). 

Srone (J. C.) and Mus (J. F.). Arithmetics, complete. 2d edition. 
Boston, Sanborn, 1914. $0.60 


— (H.). Arithmétique et algébre, ler année. 3e édition. Ray 


Wentworth (G.) and Smira (D. E.). Vocational algebra. — 
Ginn, 1911. 12mo. 6+88 pp. Cloth. $0.50 


Wiczyrnsx1 (E. J.). Logarithmic and trigonometric tables. Edited by 
Slaught. Boston, Allyn and Bacon, 1914. 8vo. pp. 
lo 1.00 


——. Plane trigonometry and applications. Edited by H. E. Slaught. 
Boston, Allyn and Bacon, 1914. 8vo. 11+265 pp. Cloth. $1.25 


Youne (J. W. A.) and Jackson (L. L.). High school algebra. New York, 
Appleton, 1913. $1.15 


APPLIED MATHEMATICS, 


AmeErRIcAN ScHoot oF CoRRESPONDENCE. Practical mathematics, parts 
1-3: instruction paper. 3volumes. Chicago, Armour Institute, rn 
1.50 


(P.). See Corrin (J. G.). 


Auwers (A.). Bearbeitung der Bradley’schen Beobachtungen an den 
alten Meridianinstrumenten dei Greenwicher Sternwarte. Band III: 
Der Sternkatalog. Leipzig, 1914. Gr. 4to. 90 pp. M. 30.00 


Batarvon (L.). Compatibilité commerciale, les modernes, la 
méthode centralisatrice. 2e édition. Paris, Dunod et Pinat, 1914. 
8vo. 8+188 pp. Fr. 3.50 


Botzano (B.). B. Bolzanos Wissenschaftslehre, neu herausgegeben von 
A. Hofler. ter Band. Leipzig, Meiner, 1914. 16+571 pp. 


Bonnar (W.). Mathematical a? of psychic phenomena. Buffalo, 
N. Y., Bonnar, 1912. 220 p $5.00 


Britt (A.). Das Eine Einfiihrung in die Theorie. 
2te Auflage. Leipzig, Teubner, 1914. 8vo. 34 pp. M. 1.20 


Cuomé (F.). Géométrie descriptive de l’école militaire. Livre II a 
Vusage des éléves de l’enseignement supérieur. 3e édition revue, 
corrigée et augmentée. Paris, Gauthier-Villars, 1914. y 


Cuowtson (O. D.). Traité de physique. Traduit sur les éditions russe 
et allemande par E. Davaux, avec notes sur la a théorique 
par E. et F. (5 volumes). Volume V, fascicule 1: amp 
eae are variable. Paris, 1914. Pp. 1-266. r. 9.50 


« (J. G.). Calcul vectoriel avec application aux ens et 
” Ta physique. Traduction et notation frangaise par Alex. Véronnet. 
Lettre au traducteur par Paul Appell. Paris, ee ee 1914, 
8vo. 18+212 pp. Tr. 7.50 


Cosserat (E. et F.). See Cnowxson (O. D.). 
Davavux (E.). See (O. D.). 
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De Marre — Motion of liquids. London, Spon, 1914. 8vo. 
14421 7s. 6d. 


Dopp (E. a Error-risk x5 the median compared with that of the 
arithmeticmean. (Bull. Univ. Texas, no.323; Scientific Series, no. 27.) 
Austin, 1914. 11 pp. 


EppincTon (A.§S.). Stellar movements and the Sas of the universe. 
London, Macmillan, 1914. 8vo. 12+266 6s. 


Foerster (W.). Kalenderwesen und Braunschweig, 
1914. 8vo. 49 pp. M. 1.60 


Gate (A.). Das Geoid im Harz. (Verdéffentlichung des k. Preussischen 
eoddtischen Institutes. Neue Folge, Nr. 61.) Berlin, Reichs- 
druckerei, 1914. 4to. 102 pp. 


GrisEut (E.). Lehrbuch der Physik. 3te vermehrte Auflage. Band I: 
Mechanik, Akustik und Optik. Leipzig, Teubner, 1914. Gr. 8vo. 
12+966 pp. M. 16.00 


Hasse (A.). See Trost (W.). 


Hetmno.tTz (H. von). Vorlesungen iiber theoretische Physik. Heraus- 
gegeben von A. K6énig, O. Krigar-Menzel und C. Runge. Band V: 
Vorlesungen iiber elektromagnetische Theorie des Lichts (1897). 2ter 
unveranderter Abdruck. Leipzig, 1914. 8vo. 12+370 Pp 

.14 


(A.). See Bouzano (B.). 

Kern (F.). See ScHouTen (J. A.). 

K6nic (A.). See Hetmuourz (H. von). 
Kricar-MEnzeEt (O.). See (H. von). 


Lanor (D.). Disegno di ortogonali. 2a edizione. Milano, 
1914. 12mo. 8+152 L. 2.00 


Manarra (A.). Intorno pM identita fra il problema della composizione 
delle forze applicate ad un mig) > e quello della composizione delle 
retazioni: nota. Caltanisetta, Castaldi, 1914. 8vo. 5 pp. 


Marso (H. W.). Constructive text-book cf practical mathematics. 
Volume III: Technical geometry. New York, Wiley, 1914. 12mo. 
14+244 pp. Cloth. $1.25 


ME tpau (H.). See (C.). 


MicHaE.is (L.). The dynamics of surfaces. An introduction to the 
study of biological surface phenomena. Translated by W. H. Perkins. 
London, Spon, 1914. 8vo. 118 pp. 4s. 


NEvBECKER (W.). Mensuration for sheet metal workers. New York, 
Williams, 1914. 51 pp. $0.75 


Pascnoup (M.). Sur application de la méthode de Walther Ritz a 
l'étude de l’équilibrium élastique d’une plaque carrée mince. (Thése.) 
Paris, Gauthier-Villars, 1914. 4to. 4+54 pp. Fr. 4.00 

Perkins (W. H.). See Micuae ts (L.). 

Prrani (M. von). Graphische Darstellung in Wissenschaft und Technik. 
Leipzig Géschen, 1914. 12mo. 126 pp. M. 0.90 


Povara (V.). L’elettrodinamica di Maxwell e la moderna elettronica. 
Catania, Operaia, Nicolos e Giuffrida, 1914. 8vo. 2-+112 pp. 
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(E.). Polhéhen-Schwankungen. Braunschweig, 1914. 8vo. 
41 pp. M. 1.60 

Raper (H.). The practice of navigation and nautical astronomy. 20th 
edition. London, J. D. Potter, 1914. 25+934 pp. 


RepeGrove (H.8.). Experimental mensuration. An elementary textbook 
of inductive geometry. New York Van Nostrand, 1914. 346 pp. 
$1.25 


(P.). Photogrammetric in der Schule. Programm, 
Leipzig, Quelle & Meyer, 1914. 22 pp. 1.0.8 


RunceE (C.). See (H. von). 


Scuititine (C.) und Mexpavu (H.). Der mathematische Unterricht an 
den deutschen Navigationsschulen. (Abbhandlungen iiber den mathe- 
matischen Unterricht in Deutschland, Band IV, Heft 4.) Leipzig, 
Teubner, 1911. 8vo. 6+82 pp. M. 2.00 


Scuouten (J. A.). Grundlagen der Vektor- und Affinoranalysis. Mit 
Einfiihrungswort von F. Klein. Leipzig, 1914. 8vo. 


Sran ey (W. F.). Surveying and levelling instruments theoretically and 
practically described. Revised by H. T. Tallack. For construction, 
qualities, selection, preservation, adiustments and uses; with other 
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